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Abstract:  The  moment-rotation  model  is  the  main  study  of  semi-rigid  connection,  moreover,  the  sensitivity  coefficients  of
parameters on semi-rigid connection are the precondition of a moment-rotation model. There are two issues in the current research:
the defective models would be obtained without considering the correlation among the parameters of the structure; for the higher
precision sensitivity coefficients, a large number of finite element simulations would be conducted and this process leads to intensive
computation. According to these problems, the sampling of the parameters with considering the correlation and the approximate
model which was constructed by numbered finite element simulations and improved chaotic particle swarm algorithm are proposed
in this paper. Two mathematical example are conducted and the approximate models represent a high degree of accuracy. A new
sensitivity calculation is proposed based on the correlation parameters and the approximate model, the moment-rotation model of
extended end plate connection obtained from this algorithm has the properties of high computational efficiency and explicit physical
meaning.

Keywords:  Approximate  model,  Correlation  between  parameters,  Moment-rotation  model,  Semi-rigid  connection,  Sensitivity
analysis.

1. INTRODUCTION

Beam-column connections, as an important part of the steel frame structure, have been divided into three categories
according to the characteristic of force deformation: rigid connection, pinned connection, and semi-rigid connection. In
the design of steel frame structure, engineers design the beam-column connection as so called rigid joint or pinned
connection to resist the lateral and reduce the lateral displacement efficiently of structures usually, but both types are the
artificial assumptions, in practical engineering, all of the connections are the semi-rigid connections. The investigation
on the behavior of semi-rigid connection began in 1917 [1],  moreover,  the moment-rotation curve takes on a more
important role such as linear models [2], polynomial models and exponential models [3].

The plastic hinge method has been widely used in nonlinear analysis of semi-rigid steel frame. Liew and Kim [4, 5]
presented the refined plastic hinge analysis model for plane frame, Chan [6] proposed springs-in-series model with
material nonlinearity at each end of the element for semi-rigid connections. Hu shu-jun [7] presented an element with
springs-in-series at each end for semi-rigid steel frame with elements of internal plastic hinge, it could consider the
effect of semi-rigid connections and material nonlinearity. A Saritas et al.  [8] presented a mixed formulation frame
finite element with internal semi-rigid connections for the nonlinear analysis of steel structures. The formulation of the
element also considers the presence of linear or nonlinear behavior of semi-rigid connection behavior without additional
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nodes and degrees of freedom.

While the experimental and theoretical modeling of semi-rigid connections have been performed by researches, they
are almost based on the assumption that the variables of structures are completely determined, which means evaluating
the effects of variables on the structures by varying input parameters one at a time then holding other parameters at
determined values with ignoring the relationship among these variables [9]. The structure contains many parameters in
the analysis of semi-rigid connections, there may be correlations between each parameter. These correlations impacted
largly  on  the  final  output  responses  of  the  structures.  The  wrong  sensitivity  coefficients  would  be  calculated  by
analyzing the effect of parametric variables on structures without considering the relativity of parameters [10].

There are a few researches on the parameters correlation [11], and more importantly, the moment-rotation curves
regressed by this assumption would be counterintuitive in practical applications, so it is worth to study the semi-rigid
connection based on the correlations between the parameters. The analysis of the sensitivity coefficients is to evaluate
the variations of the structural response due to the variations of the design parameters [12], it is the precondition to
study the moment-rotation model. The probability design model of finite element analysis and the basic theory Monte
Carlo  are  implemented  as  the  basic  means  to  obtain  the  sensitivity  coefficients.  By  use  of  Monte  Carlo,  a  lot  of
computer  time  and  software  would  be  taken  into  account  in  finite  element  simulation.  However,  despite  growing
computing power, the software defects still represent a significant weakness.

Herein a different way in the study of the moment-rotation model is proposed. This method includes the sampling of
correlation parameters based on the theory of Monte Carlo and the approximate model that aims to not dependent on the
finite element analysis software. The approximate model constitutes a fusion between the finite element simulation
analysis and hybrid neural network which has been optimized by the method of improved chaotic particle swarm. Two
mathematical  examples  have  been  used  to  illustrate  the  applicability  and  accuracy  of  the  approximate  model.  For
representation of the moment-rotation model of semi-rigid connection, an extend end plate connection is implemented
while considering the correlations and sensitivity of parameters in the literature. The proposed method is developed for
the analysis of sensitivity and the moment-rotation model with efficiently.

2. EXPERIMENT AND FINITE ELEMENT ANALYSIS OF EXTENDED END PLATE CONNECTION

2.1. Analysis of Experiment

This  experimental  program  was  an  extend  end  plate  connection  which  was  subjected  to  static  loads.  This  test
specimen was bolted to the column flange and the plate and M20 high-strength bolt was employed, the column section
was HE340 and the beam was IPE300. The geometry and arrangement of the instrumentation of the joint are shown in
Fig. (1) [13]. Based on the available test data, detailed geometry of the specimen are shown in Table 2, the average
characteristics  of  the  connection  are  set  out  in  Table  1,  where  E  is  the  elastic  modulus,  Est  is  the  strain  hardening
modulus, fy is yield strength, fu is the tensile stress, Ɛe is the elastic strain, Ɛst is the strain of the initial hardening point,
Ɛuni is the uniform strain, Ɛu is the ultimate strain.

Fig. (1). Geometry of the specimen [13].
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Table 1. Characteristic values of the structural steels [13].

Components E/MPa Est/MPa fy/MPa fu/MPa Ɛst Ɛuni Ɛu

Plate and column 209856 2264 340.12 480.12 0.015 0.224 0.361

Beam web
Beam flange

208332 1856 299.12 446.25 0.016 0.235 0.464
209496 1933 316.24 462.28 0.016 0.235 0.299

Bolt 223166 - 857.33 913.78 - - 0.272

Table 2. Actual geometry of the connection [13].

Column/mm Beam/mm
h b tf tw Hup Hlow h b tf tw Lbeam Lload

376.0 307.5 40.21 21.0 175.0 219.0 300.45 150.5 10.76 7.2 1200 1002.5

2.2. Finite Element Analysis

This beam column joint is modeling by Ansys 14, according to the symmetry, the finite element model is the 1/2
structure  of  the  solid  model,  the  types  of  elements  including  SOLID95,  TARGE170,  CONTA174  and  PRETS179.
SOLID95 is a higher-order version of the 3-D 8-node solid element SOLID45. It can tolerate irregular shapes without as
much loss of accuracy. Each component of the extended end plate connection was modeled by solid element SOLID95,
all the interfaces of the contact including the interfaces between the extended end plate and the column flange, the bolt
and the end plate. The bolt and column flange were modeled by TARGE170 and CONTA174 elements. The pretension
force  of  bolts  was  modeled  by  PRETS179  elements.  The  finite  element  model  consists  of  9043  SOLID95,  625
CONTA174, 130 TARGE170 and 234 PRETS179. The analysis of semi-rigid joints is finite element static, the loading
process is divided into two steps: first, the pre tension is applied at the high strength bolts, and then concentrated force
at the beam end.

The finite element model is shown in Fig. (2), the stress-strain curve of steel beam and end plate is shown in Fig.
(3). The displacement of DT2 as show in Fig. (1) which was to calculate the rotation of the structure and the expressions
are represented as follows [14]:

Fig. (2). Finite element model.
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Fig. (3). Stress-strain curves of steel [13].

Fig. (4). Moment-rotation curve of DT2.

(1)

(2)

Where δDt2is the vertical displacement of DT2 and δDt5 is the vertical displacement of DT5, δb,el(Dt2)is the beam elastic
deflection at linear variable displacement transducer of DT2 evaluated by equation(2). Where Eb is the beam elastic
modulus, Ib is the moment of inertia of beam, Lload is the distance between the load application point and the face of the
end  plate,  P  is  the  load  at  the  free  end  of  beam and  xDT2  is  the  distance  of  DT2  which  are  shown in  Fig.  (1).  The
comparison between experimental results and finite element model is shown in Fig. (4), where the phantom is simulated
by  finite  element  analysis,  the  solid  line  is  the  experimental  value  (numerical  value  in  reference  [13]).  Agreement
appears much closer between the two lines, the finite element model can be used later in the analysis.

3. MONTE CARLO SAMPLING WITH THE CORRELATION OF THE PARAMETERS

The purpose of Monte Carlo sampling is to meet the requirement of accuracy in probability, but random sampling
may  leads  to  the  paradoxical  conclusions.  It  is  noted  that  Monte  Carlo  sampling  with  correlation  parameters  is  in
accordance with the parameters changing.
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3.1. Transformation Between Correlated Non Normal Variables and Correlated Normal Variables

A mathematical theorem is that the normal variables are independent when the correlation coefficients are zero.
Non-normal random variables will be converted into normal random variables by the functions with equal probability
transformation. A random vector X=[X1 X2…X3] and a standard normal distribution vector Y=[Y1 Y2…Y3] are used in this
transformation. Then the relationship between random distribution and normal distribution are given by:

(3)

Joint probability density functions deriving from the rules of implicit function derivation are expressed as follows:

(4)

(5)

where Fi(•) is a marginal probability distribution function, Fi
-1[•] is the inverse function of Fi(•), Φ(•) is a standard

normal  distribution  function,  ρ  is  the  equivalent  correlation  coefficient  matrix  of  Y,  fi(•),i=1,2,…n  is  the  marginal
probability  density  function  corresponding  with  Fi(•),  φ(•)  is  the  probability  density  function  of  standard  normal
variables, det(•) represents the matrix determinant, (•)-1 is the function of matrix inversion. The correlation coefficient
ρ0xy of standard normal random vector y can be derived from equation (6) for the marginal probability density function
of random variables and ρ have been calculated.

(6)

Where ρij is the correlation coefficient between xi and xj of random vector X, ρ0ij is the correlation coefficient matrix
component of standard normal random vector y, fXiXj

(xi,xj) is the joint probability density function about the ith and jth
variables.

3.2. Transformation Between Correlated Normal Variables and Independent Normal Variables

Suppose that the correlation coefficient matrix ρ have been calculated by the section 3.1, an intermediate variable M
is represented as

(7)

Where Λ is a diagonal matrix composed by the eigenvalues λ belonging to the correlation coefficient matrix ρ0 , V is
a matrix composed by the eigenvectors v corresponding with the eigenvalues λ. The relationship between independent
standard normal variables U and correlated standard normal variables Y can be represented as follows:

(8)

The Monte Carlo sampling process considering the correlation between parameters is listed as below:

Generate  random  variables  X  with  n-dimension  following  normal  distribution,  assumed  a  computational1.
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Calculate the correlation coefficient matrix of normal distribution random variables;2.
Transform correlated random normal variables to random independent variables by the algorithm of section 3.1;3.
Calculate the correlation coefficient matrix ρ of the original model, obtain the equivalent correlation coefficient4.
matrix ρ according to the literature [15];
Generate random variables following normal distribution with the correlation coefficient ρ0  according to the5.
inverse transformation of section 3.1, get the absolute values of the differences between correlation coefficient
matrix of the generated variables and ρ0 , if all the differences are less than θ, go to step 6, otherwise, go back to
step 2;
Transform the correlated random normal variables with correlation coefficient matrix ρ0 to the correlated random6.
non-normal variables based on the equal probability transformation.

The beam height and width, thickness of web and thickness of flange which are belong to IPE steel are select as the
statistical parameters. According to the partial correlation analysis by SPSS [16], we can get the conclusion that there
are the correlations between height and width, thickness of flange and thickness of web, the correlation coefficients are
0.87 and 0.9 respectively.

4. THE METHOD OF APPROXIMATE MODEL

4.1. The Algorithm of Neural Network with Improved Chaos Particle Swarm

The approximate model is constructed by the feedback neural network which has been optimized by chaos particle
swarm. Feedback networks is a nonlinear dynamic system with significant learning capacity by small information, its
state is changing continuously until they reach an equilibrium point. Also, they remain at the equilibrium point until the
input  changes  and  a  new  equilibrium  would  to  be  found.  Its  algorithm  uses  gradient  descent  search  technique  to
minimize a cost function equal to the mean square difference between the desired and the actual outputs [17]. In 1989,
Hornik et al. have proved that any complexity function could be approximated by a feedforward neural network with a
single  hidden  layer  [18,  19].  Yin  zhi-guang  et  al.  [20]  presented  a  BP  neural  network  model  of  coal  seam  gas
permeability. It was built based on the coal mechanical properties, the accuracy of the model was tested and the BP
neural network model match the measured data well. Han hong-gui et al. [21] presented a new flexible RBF neural
network to the problem of the structure design.

The principle of feedback neural network is expressed as follows:

(9)

Where yl is the network output, xi is the network input, x’k is hidden layer neuron, wik is the weight of input layers to
hidden layers, bk is the threshold value of input layers to hidden layers, wkl’ is the weight of hidden layers to output
layers, bl’ is the threshold value of hidden layers to output layers, f is a transfer function.

For the complex optimization problems, the phenomenon of slow convergence and falling into the local extreme is
increasingly outstanding. The neural network whose weights and threshold value are optimized by the combination of
chaotic and particle swarm optimization algorithm would jump out of local minima, the particles also may keep the
diversity  of  population  and  improve  global  optimization  performance  [22].  This  algorithm  has  been  improved  by
optimizing the particles alternately between steady and chaos [23]. Fitness functions according to the objective function
would be established to estimate whether the particles were in premature convergence or not. In this paper, the relative
errors  between  the  network  outputs  and  the  actual  response  are  employed  as  the  fitness  functions.  To  insure  the
functions are nonnegative, the expressions are represented as Eq. (10), where u(x) is the judgment function of premature
convergence.
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The determination about whether the status of particle swarms is in steady or chaos can be given as Eq. (11), abs
indicates the absolute value of the movement distance of the current particle.

(11)

Where t is a number of the particle evolutionary generations. It is considered that the particle has reached to the
local optimization when smove or u(x) is less than a limit value. The variables will get into chaos by chaotic searching.
Logistic model can be given as:

(12)

Where μ is a control parameter deciding the state of the system, the system is totally in chaotic state when μ=2 .The
procedures of chaotification are as follows:

(1)  Make  xi,v  mapped  into  the  interval  [-2.0,  2.0]  by  Eq.  (13),  where  xi,v  is  the  location  of  particle  xi  in  the  vth
dimension, [av,bv] is the domain of xi,v in the vth dimension.

(13)
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map [24]. In the particle swarm optimization of this paper, the particles would be divided into two kinds, the first kind
particles are the weights from input layers to the hidden layers and hidden layers to the output layers, the second kind
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(17)

Where n is the dimension of input layer variables, m is the number of hidden layer neurons, k is the dimension of
output layers, g is the population size.

4.2. Comparison Between Improved Network and Mathematical Precision Values

To illustrate the proposed methodology, two numerical example were validated in this section.

Example 1

Consider a non-linear function with 5 uniform random variables. The function is:

(18)

Example 2

Consider a non-linear function with 5 uniform random variables. The function is:

(19)

Tables 3 and 4 are the comparisons of the results in four aspects from the mean, the standard deviation, the number
of  samples,  the  maximum error  and MAPE about  Monte  Carlo,  neural  network and improved neural  network.  The
Monte Carlo results are the exact solutions that obtained from the Eq. (18) and Eq. (19) separately and abbreviated to
MC.

The improved neural network is the proposed approximate model. The comparisons of the results of variable x3 in
improved network, general network and original equation are showed in Fig. (5) respectively. It is noted that the results
obtained from the approximate model have higher precision by only uses 30 samples, the relative errors of the mean and
the standard deviation are both lower than 3%, MAPE less than 1%. Furthermore, generating the approximate models of
two examples required only 30 sample points.
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Table 3. Analysis results of neural networks for example 1.

Statistic Samples number Mean Standard deviation Maximum error MAPE(%)
MC 106 -7.203 0.3774 / /

improved neural network 30 -7.156 0.388 0.0008 0.612
relative error(%) / 0.652 2.81 / /

network 30 -7.659 0.401 0.1362 9.3939
relative error(%) / 6.331 6.25 / /

Table 4. Analysis results of neural networks for example 2.

Statistic Samples number Mean Standard deviation Maximum error MAPE(%)
improved neural network 106 14.5574 6.5042 / /

MNN 30 14.5573 6.5041 0.0022 0.342
relative error(%) / 0.0007 0.0015 / /

ANN 30 14.9856 6.4102 0.1877 4.312
network / 2.9415 1.4452 / /

Fig. (5). Comparison of results.

5. CALCULATION OF STRUCTURE SENSITIVITY COEFFICIENTS

The sensitivity of each parameter is determined by the combination of the predicted results of neural network and
Monte Carlo while considering the sampling of relativity according to probability density function. Considering the
impact  of  each  random variable  on  structure  response,  correlation  coefficients  are  used  to  measure  the  correlation
between random variables and structure responses. The coefficients of variation are brought in to eliminate the effect of
the random variable dimensions and measurement scales. The equations are given by:

(20)

(21)

Where Rr is the Pearson correlation coefficients, xi is random variable, n is Monte Carlo sampling times, f(xi) is the
network output  according to xi,   is  the mean value of  xi,   is  the mean value of  f(xi);  γr  is  the coefficient  of
variation according to Monte Carlo random samples, u is a number represented the random variables total dimensions,
Sr  is  the  sensitivity  value  of  random  variables,  the  absolute  value  of  coefficient  reflects  the  influence  of  random

 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-4

-3.9

-3.8

-3.7

-3.6

-3.5

-3.4

-3.3

-3.2

-3.1

-3

x3

f(
x)

 

 

exact solution
improved neural network
neural network

_

1

_
2 2

1

( )( ( ) ( ))

( ) ( ( ) ( ))

n

i i i
i

r n

i i i
i

x x f x f x
R

x x f x f x

=

=

− −
=

− −

∑

∑
 

 2

1
( )

u
r r

r
rr r

R RS
γ γ=

= ∑  

_

x ( )if x



The Method of Model Approximation The Open Civil Engineering Journal, 2016, Volume 10   747

variables on structure response, positive and negative reflect the degree of correlation between random variables and
structure response.

6. THE MOMENT-ROTATION MODEL OF EXTENDED END PLATE CONNECTION

The finite element model of the extend end plate connection which has been verified in section 2.2 is used as the
meta-model to construct the approximate model. Each simulation of extended end plate connection needs about ten
minutes by finite element software. At least 100000 simulations to be employed for the sensitivity coefficients which
are far beyond the computing power 50 finite element simulations are used to construct the approximate model and
100000 Monte Carlo samples are employed to get more accurate results by the proposed method. Eight different input
parameters were used to model the moment-rotation response, these included beam height, beam width, the thickness of
beam web, the thickness of beam flange, the thickness of plate, the distance between the middle bolts and the vertical
axis of beam, the distance between the upper bolts and the vertical axis of beam and the distance between bolts and the
vertical  axis of beam web. The relative error between the results  of the simulations and the approximate models is
shown in Fig. (6).

Fig. (6). Relative error.

Table  5  indicates  the  sensitivities  Rr  and  Ri  which  conclude  by  considering  relevant  parameters  and  without
considering  relevant  parameters.  The  sensitivity  coefficient  of  beam  width  is  -0.1544  without  considering  the
correlation of the parameters. From the numerical point of view, the relationship between beam width and stiffness is
not obvious. However, the actual situation is that the beam width is an important factor to the overall stiffness of the
joint.  In  the  process  of  the  structure  section  size  changed,  the  relation  between  the  beam height  and  the  width  are
correspondence, with the increasing of the beam height, the beam width is also appropriate increasing. By the way of
considering the correlation between parameters, the sensitivity coefficient becomes -0.5257, that shows the beam width
has a great influence on the stiffness of the joint and this sensitivity agrees with the actual facts.

Table 5. Correlation coefficients of joint.

Rotation
BEAM PLATE BOLT

h b t tw th hmid hup V
Rr(i) -0.5925 -0.5257 -0.0004 -0.0093 -0.0508 -0.2962 0.7316 0.1168
Ri(i) -0.4812 -0.1544 -0.0007 -0.0653 -0.2458 -0.2956 0.7522 0.1196

The moment-rotation model is composed by the parameters of the extended end plate connection, the sensitivity
coefficients and the elastic modulus. The rotation at the left side of the equation is dimensionless. In order to make the
dimensions same at both ends of the equation, the dimension of the parameters about the extended end plate connection
should be L-3 for the dimension of the moment is ML2S-2 and the dimension of the elastic modulus is ML-1S-2, so the
sensitivity coefficients should be transformed to standard coefficients and the transform process is expressed as Eq.
(22).

The  standard  values  of  parameters  sensitivity  about  extended  end  plate  connection  and  the  first  order  partial
differential values Ci between the parameters and the rotation are shown in the Table 6. The model is given by Eq. (23).
Dimensions are same at both ends of the equation, improving the dimensions ranging from both ends by data fitting.
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Table 6. Integrated data.

BEAM PLATE BOLT
h b t tw th hmid hup V

Rs(i) -2.837 -2.517 -0.002 -0.045 -0.243 -1.418 3.503 0.559
Ci -.0032 -.0056 -.000065 -.0021 -.0082 -.0048 .0059 .0038
βi 61.0651 60.2009 64.12 58.9512 60.6402 61.0831 57.7986 55.2033
βa 59.88

(22)

(23)

(24)

Where θr is the rotation between beam and column, M is the moment of beam end, h is the beam height, b is the
beam width, t is the thickness of beam web, tw is the thickness of beam flange, th is the thickness of plate, hmid is the
distance between the middle bolts and the vertical axis of beam, hup is the distance between the upper bolts and the
vertical  axis  of  beam,  V  is  the  distance  between bolts  and  the  vertical  axis  of  beam web,  β  is  the  mean correction
coefficient about βi. For example, βh can be obtained by the Eq. (24).

CONCLUSION

A  method  of  the  moment  rotation  model  of  semi-rigid  connection  has  been  proposed  in  this  paper.  The  main
algorithm includes Monte Carlo sampling with the correlation of the parameters, the approximate model and the method
of  stochastic  sensitivity,  moreover,  the  correlation  of  the  parameters  as  an  essential  component  affects  the  whole
structure systems.

A key feature of the approximate model is the hybrid neural network procedure that efficiently deals with simulation
models and progressively trains a set of metamodels. As part of this study, the effectiveness of the proposed method,
which does not require huge finite element simulations, was optimized by the improved chaos-particle swarm provided
a satisfactory approach for highly non-linear functions. Two high dimensional equations have been used to be examined
and agreement appears much closer between these results which were calculated by approximate model and the Monte
Carlo results. Furthermore, the approximate model has the high efficiency for only dozens of samples.

Finite element analysis of the extend end plate connection is carried out by ANSYS software, the results have been
compared with the tests results and reported a high degree of accuracy, the maximum relative error is less than 1%. In
addition, these results of approximate models have been used for sensitivity analysis in moment-rotation model. The
calculations of the sensitivity coefficients considering parameters correlation are more consistent with the actual. The
relative  moment-rotation  model  was  established  based  on  the  sensitivity  coefficients  of  parameters  and  stochastic
analysis. Elastic modulus was brought in the regression equation of moment rotation for the point of mechanics to make
both ends of the equation equivalent from the dimension, so that the regression equation is more than the numerical
fitting moment rotation curve. Furthermore, the accuracy and efficiency make the proposed methods of the approximate
model and the method of stochastic sensitivity suitable to be implemented in other types of the steel connections.
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