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Abstract: In this study, a coupled model is developed to address the dynamic response of an offshore pile to linear water 

waves. In the coupled model, the pile and the seabed are treated as a saturated poro-elastic medium described by Biot’s 

dynamic theory, while the seawater is considered as a conventional acoustic medium. To establish the coupled model, 

boundary element formulations for saturated porous media are derived for the pile and the seabed, respectively, and the 

acoustic boundary element formulation is constructed for the seawater. The coupled boundary element model is obtained 

using these three boundary element formulations as well as the continuity conditions along the interfaces between the pile, 

the seabed and the seawater. In the model, linear water waves are considered as an external load and its load is evaluated 

via the wave function expansion method. Numerical results shows that increment of the modulus ratio between the pile 

and the seabed can reduce the horizontal displacement of the pile and the pore pressure of the seabed around the pile. 

Also, the maximum pore pressure of the seabed usually occurs at the upper part of the seabed around the pile.  

INTRODUCTION 

It is well-known that sea waves can cause enormous 
loads on the offshore structures, particularly, in rough 
weather conditions. Thus, motivated by the need of safe re-
covery of oil and natural gas in the offshore region, ocean 
engineers have paid much attenuation to the determination of 
the wave loads on offshore structures. However, due to in-
complete knowledge concerning offshore structures as well 
as their environmental factors and resulting inappropriate 
designs, some marine structure failure incidents have oc-
curred recent years [1-3]. Therefore, a safe design of an off-
shore structure remains a challenge for ocean engineers.  

The pile foundation is a very common and important 
structure for offshore engineering, which can be used as the 
foundation for offshore wind farms, offshore platforms, off-
shore ports, long-span cross-bay bridges etc. To date, nu-
merous researches concerning offshore piles and water 
waves have been carried out. For example, the effects of 
various waves on offshore piles have been investigated by 
many investigations [4-6]. The offshore pile capacity and 
stresses and strain of a pile due to wave loads were ad-
dressed in [7, 8], respectively. Mitwally and Novak [9] used 
a linear analysis to address dynamic interaction between 
pile–soil–pile, when the system is subjected to a random 
wave loading. Moreover, using the concept of dynamic p–y 
curves, the response of fixed offshore platforms to wave and 
current loading when taking into account the soil–pile inter-
action was investigated by Mostafa & Naggar [10].  

It is worthwhile stressing that existing researches about 
offshore piles, the seabed and the seawater mainly focused  
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on separate aspects of the problem, rather than treated them 
as a coupled system. However, in natural ocean environ-
ments, the pile, the seabed and the seawater are coupled. 
Therefore, response of the pile is related to those of the sea-
bed and the seawater. Furthermore, besides the design for the 
pile itself, a complete design for offshore pile foundation 
should also include the design for the seabed, which aims to 
guarantee the seabed have enough strength to resist liquefac-
tion and shear failures. Obviously, the design of the seabed 
will unavoidably involve detailed knowledge concerning the 
stresses, the deformation and the pore pressure of the seabed, 
which can only be available via a coupled analysis of the 
pile-seabed-seawater system. Consequently, a coupled model 
for the offshore pile, the seabed and the seawater is crucial 
for a successful design for the offshore pile foundation and 
its surrounding seabed. Another limitation of existing re-
searches concerning the pile-seabed interaction is that only 
single phase medium model is used to describe the seabed. 
Nevertheless, it is well-known that the seabed is a porous 
medium saturated by seawater and more importantly, pore 
fluid of the seabed plays a very important role in the lique-
faction and the shear failure of the seabed. Thus, an appro-
priate coupled model for the pile-seabed-seawater system 
should be able to account for the role of the pore fluid of the 
seabed. In this study, a coupled model is developed to inves-
tigate the interaction between the pile, the seabed and the 
seawater, when the system is subjected to linear water 
waves. The main contributions of this paper are as follows. 
First, we propose the idea to treat the pile, the seabed, the 
seawater as a whole system, which has not appeared in the 
literature to date. Secondly, the coupled model for the pile, 
the poro-elastic seabed and the seawater is established tech-
nically for the first time by combining the BEM formulations 
for the pile, the seabed and seawater via the continuity condi-
tions along their interfaces. Also, the treatment of the 
Cauchy type integral for the half space seawater belongs to 
our own contribution.  
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The remainder of this paper is organized as follows. First, 
Airy linear wave theory [11] is used to calculate the external 
load applied to the system due to linear water waves. Sec-
ond, Biot’s theory [12, 13] is outlined. Then, the boundary 
element formulations for the poroelastic medium and the 
acoustic medium are established. Three BEM formulations 
for the pile, the seabed and the seawater are coupled together 
to form the coupled BEM model for the system. Numerical 
examples are presented to demonstrate the capacity of the 
proposed model. 

EXTERNAL LOADS APPLIED TO THE SYSTEM 
DUE TO LINEAR WATER WAVES 

In this study, linear water waves are considered as the ex-
ternal load applied to the pile and the seabed. When evaluat-
ing the external load due to linear water waves, the pile and 
the seabed are assumed to be fixed. The external load ob-
tained in this section will be applied to the pile-seabed-
seawater system to calculate the response of the system via 
the coupled model.  

As only frequency domain response of the pile-seabed-
seawater system is considered in this paper, as a result, only 
the monochromatic linear water wave or the frequency do-
main linear water wave is involved here. The waves which 
have contribution to the external load applied to the pile and 
the seabed consist of two parts: the incident wave and the 
scattered wave. Thus, the velocity potential for the total ex-
ternal load has the following expression, 

( ) ( )ˆ ˆ ˆI S� � �= +            (1) 

where ( )ˆ I�  and ( )ˆ S�  are the velocity potentials for the inci-
dent wave and the scattered wave, respectively and a caret 
above a variable denotes the frequency domain. The velocity 
potential for the incident plane wave is given by  

( ) ( )

2
ˆ [ ( )] ( , )I i t ky ikyA ch k z h e G z t e�� � �= � � = .        (2) 

where 2h  is the depth of the seawater, and A is determined 
by the expression 

22 cosh

gH
A

i kh�
=            (3) 

where H is the wave height of the incident wave and g is the 
gravitational acceleration. The angular frequency �  and the 
wave-number of the incident wave fulfill the following dis-
persion relation 

2

2( )gk th kh� = � � .           (4) 

It is noted that downward direction of z-axis is assumed 
to be positive, as depicted in Fig. (1). To determine the scat-
tered wave field analytically, it is appropriate to study the 
current problem in the cylindrical coordinate system as 
shown in Fig. (1). Thus, the incident wave given by (2) can 
be expanded into the following series expression [11] 
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In the cylindrical coordinate system (Fig. (1)), the scat-
tered wave field has the following series expression 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (1). An offshore pile, the seabed and the seawater subjected to 

linear water waves. 
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Since the incident wave and the scattered wave field 
given in (5) and (6) already satisfy the boundary conditions 
at the water surface and the surface of the seabed, thus, only 
the boundary condition along the pile boundary confines the 
solution for the incident wave and the scattered wave. The 
boundary condition along the pile boundary reads 

( ) ( )ˆ ˆ( )
0
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r a
r

� �

=

� +
=

�
           (7) 

where a is the radius of the pile. Substitution of equations (5) 
and (6) into equation (7) yields the expressions for the coef-
ficients 0A , nA  and nB  in equation (6) 
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The pressure due to the incident and the scattered wave 
has the following expression 

( ) ( )ˆ ˆ( )
ˆ

I S

w w wp gz
t

� �
� �

� +
= �

�
          (9) 

where w�  is the density of the seawater. Note that equations 
(5)-(6) and (8)-(9) determine the pressure exerting on the pile 
boundary and the seabed surface. 

BIOT’S PORO-ELASTIC THEORY 

The constitutive equations for a homogeneous porous 
medium can be expressed as [13] 
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in which iu and iw  denote the average solid displacement 

and the infiltration displacement of the pore fluid; ij�  and e  

are the strain tensor and the dilatation of the solid skeleton; 

� is the volume of fluid injected into a unit volume of the 

bulk material; ij�  is the stress of the bulk porous medium; p 

is the excess pore pressure and ij�  is the Kronecker delta. 

The compressibility of the saturated porous medium is con-

sidered in terms of the solid skeleton Lamè constants, �  and 

μ , and Biot’s parameters �  and M [14] 

The bulk density of a porous medium with the solid 

skeleton of density s� , the pore fluid of density f� , and 

porosity� , can be expressed as (1 )b s f� � � ��= � + . Using 

a superimposed dot to denote the time derivative, the equa-

tions of motion for the bulk porous medium and the pore 

fluid are [13] 
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where �  and k  are the viscosity of the pore fluid and the 
permeability of the porous medium respectively; iF  and if  
are the body forces applied to the porous medium and the 
pore fluid; and /fm a � ��= , in which �a  is tortuosity.  

In this study, to investigate the frequency domain response 

of the pile, the seabed and the seawater, the Fourier trans-

form with respect to time and frequency is applied and de-

fined as follows [15] 
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where t  and �  denote time and frequency, respectively; 
and a caret above the variable denotes the Fourier transform.  

According to the analysis of Bonnet [16], although two 
displacement vectors are used in Biot’s theory, there are only 
four independent variables in the two-phase porous medium. 
Therefore, Biot’s theory is reformulated in terms of four in-
dependent variables (three displacement components for the 
solid skeleton and the pore fluid pressure) as follows 
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where the constants in (14) and (15) have the following ex-
pressions  
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BOUNDARY ELEMENT METHOD FOR A POROUS 
MEDIUM AND SEAWATER 

In this study, the pile and the seabed are treated as poro-
elastic medium, and the seawater is considered as a conven-
tional acoustic medium. In this section, the boundary ele-
ment method for the poro-elastic medium will be outlined. 
Also, the boundary element method for the acoustic medium 
with an infinite free surface will be detailed. The treatment 
of the Cauchy-type singularity involved in the boundary in-
tegral equation for the acoustic medium will also be dis-
cussed in this section. 

Boundary Element Method (BEM) For The Porous  
Medium 

Boundary element method (BEM) for the porous medium 
has been addressed by many researches. For example, a 
complete boundary integral equation for saturated porous 
media was formulated by Dominguez [17, 18] using three 
solid displacements and a fourth variable proportional to the 
pore pressure. By considering the same fundamental vari-
ables, Cheng et al. [19] developed a boundary integral equa-
tion for porous media in the frequency domain using a 3-D 
boundary integral equation. The 3-D problem of wave scat-
tering within a porous medium in the frequency domain was 
later addressed by Zimmerman and Stern [20]. In this study, 
based on the reciprocal work theorem, the boundary integral 
equation for the porous medium is formulated in terms of 
three solid displacements and the pore pressure.  

To formulate the boundary integral equation for the po-

rous medium, Green’s function for the porous medium is 

required in advance. Green’s function of the porous medium 

consists of two parts: one part is due to a point force applied 

to the solid skeleton and the other part is due to a dilatation 
source applied within the pore fluid.  

For a 3-D Green’s function due to the point force applied 

to the solid skeleton, Green’s function ˆ sG
U and sG

P̂ can be 

represented by three scalar potentials as follows [20, 21] 

2
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2 2ˆ ˆˆ s s sG G G

f f s sA A� �= �� + ��P         (25) 

in which the constants ,f sA A are available in [22]. The po-

tentials, ˆ sG

f� , ˆ sG

s� and ˆ sG� in (24)-(25) are given as follows 
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In (26)(28), , ,f s tk k k are the complex wave-number for 
the P1, P2 and the shear wave of the porous medium [22].  

For the Green’s function due to a dilatation source ap-

plied within the pore fluid, Green’s function 
fG

û and 

fG
p̂ can be represented by two scalar potentials and one 

vector potential as follows 
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The reciprocal work theorem for the porous medium has 
the following form [19] 
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where two states are represented by superscripts 1 and 2, 
respectively. 

Integration of equation (37) over an arbitrary domain 

�  gives the reciprocal work theorem for the porous medium 

as 
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Using (38) and the governing equations for the porous 

medium, the generalised Betti’s formula for the porous me-

dium has the form 
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To derive the Somigliana identity for the porous medium, 

state 1 is now defined as the real state, assuming that there 

are no body forces acting on the solid skeleton and the pore 

fluid, while state 2 corresponds to the Green’s function of 

the porous medium. Thus, the displacement of the solid 

frame is obtained by considering a unit point force acting in 

the i -direction at a point x   
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where the Green’s function T̂ij
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Similarly, considering a dilatation source acting at a point 

x  within the pore fluid gives 
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where 
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jT  and 
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nW  have similar expressions as (44)-(46). 
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Introducing the following pseudo-displacement and 
pseudo-traction vectors and Green’s functions  
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and combining equations (43) and (47) yields 
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Performing a limit process as outlined by Zimmerman & 

Stern [20], the following boundary integral equation for the 

porous medium can be obtained from equation (50) 
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in which the free term ijc  depends on the local boundary 

geometry around the point x , with 1/ 2ij ijc �= for x  be-

longing to a smooth part of the boundary. The second inte-

gral in (51) involving 
   
T̂

ij

G*

(x, ��,�) should be understood in 

the sense of the Cauchy principal value. The Cauchy princi-

pal value integrals in (51) needs special treatment to be 

evaluated numerically. In this study, we use the auxiliary 

problem method proposed by Zimmerman & Stern [20] to 

treat the Cauchy principal value integrals in (51). Thus, di-

rect evaluation of the Cauchy principal value integrals in 

(51) is avoided.  

Boundary Element Method (BEM) For The Seawater 

As mentioned previously, the seawater here is considered 
as an acoustic medium, the pressure of which is described by 
the following Helmholtz equation 

2 2ˆ ˆ 0w w wp k p� + =          (52) 

The displacement of the seawater is given by the follow-
ing equation 

2

1
ˆ ˆ

w

w

p
� �

= �q           (53) 

For the seawater above the seabed, due to the existence 

of the infinite free surface of the water layer, thus, to save 

computational time, a boundary integral equation which can 

avoid the discretization of the free surface is preferable. 

Consequently, half space boundary integral equation and 

Green’s function [23, 24] are used in this research 

   

c p̂
w
(x) = [ p̂

w

G
w (x, �)q̂

n
(�) � q̂

n

G
w (x, �) p̂

w
(�)] d�(�)

�

�       (54) 

where ˆ wG

wp and ˆ wG

nq are the Green’s function for the half 

space seawater, c  depends upon the local geometry at the 

point x  and
   
q̂

n
(�) = [1 / (�

w
�2 )]�p̂

w
(�) / �n(�) ,   

n(�) is the 

outward normal for the boundary � . The Green’s function 

involved in (54) is given by 

1

2

1

1 1
ˆ [ ]

4
w w wG k r k rw

wp e e
r r

� �

�

� �
= �         (55) 

   

q̂
n

G
w =

1

4�

�

�n(�)
[
1

r
e
�k

w
r
�

1

r
1

e
�k

w
r
1 ]        (56) 

where  

( )( )j j j jr x x� �= � �
,
 

2 2 2

1 1 2 3( ) ( ) ( )r x y z� � �= � + � + +
. 

Note that the Green’s function ˆ wG

wp fulfills the free sur-

face condition automatically. Thus, the discretization along 

the surface of the seawater is avoided.  

The boundary integral equation (54) also contains the 
Cauchy principal value integral. To eliminate the Cauchy-
type singularity in the boundary integral equation (54), we 
introduce the following boundary integral equation  
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c(a) p̂
w

(a) (x) =
�

� [ p̂
w

G
a (x, ��)q̂

n

(a) (�)

�q̂
n

G
a (x, �) p̂

w

(a) (�)] d�(�)

        (57) 

with the Green’s function given by  

2

1

1 1
ˆ [ ]

4
aG w

wp
r r

� �

�
= � ,

    

q̂
n

G
a =

1

4�

�

�n(�)
[
1

r
�

1

r
1

]       (58) 

It is noticed that the singularity of the Green’s function 
list in (58) is the same as that in (55)-(56) and also, the inte-
rior domain of the boundary integral equation (57) is oppo-
site to that of the boundary integral equation (54). Thus, the 
outward normal vector for the boundary of (57) is opposite 
to that of (54). If solution ˆ ( )wp x  at a point x  of (54) is 
specified as a constant solution for (57), then, the following 
equation holds  

   

c(a) p̂
w
(x) = q̂

n

G
a (x, ��) p̂

w
(x) d�(�)

�

�         (59) 

Note that the sign of 
   
q̂

n

G
a (x, ��)  in (59) is reversed from 

(57) to keep consistent with the sign convention of (54). 

Combination of equations (54) and (59) and consideration of 

the identity ( ) 1ac c+ =  yield the following boundary integral 

equation  

   

p̂
w
(x) =

�

� { p̂
w

G
w (x, ��)q̂

n
(�) � [q̂

n

G
w (x, �) p̂

w
(�)

�q̂
n

G
a (x, �) p̂

w
(x) ] }d�(�)

       (60) 

As the singularity of the Green’s function ˆ wG
q is the same 

as that of ˆ aG
q when

  
��� x , the Cauchy-type singularity has 

been eliminated from equation (60). Therefore, after discreti-

zation of the boundary integral equation, the numerical inte-

gration over each boundary element can be performed di-

rectly by conventional quadrature formula.  

BEM FORMULATIONS FOR THE PILE, THE SEA-

BED AND THE SEAWATER 

In this section, the boundary element method for the 
poro-elastic medium will be used to obtain the boundary 
element formulation for the pile and the seabed. The bound-
ary element formulation for the seawater is obtained via the 
boundary element method for the acoustic medium.  

To make our derivation more readable, the following no-

tation for the boundaries of the system is introduced. As 

shown in Fig. 1, the interfaces between the pile, the seabed 

and the seawater are represented by 
1 2 4, ,� � � and the inter-

face between the pile and the air is denoted by 
3� . Bounda-

ries of the pile in contact with interfaces 
1 2,� � are denoted 

by 
1 2,P P and the boundary of the pile coincides with 3�  is 

represented by 
3P . For the seabed, boundaries of the seabed 

in contact with interfaces 
1 4,� �

 
are denoted by 

1 4,S S , re-

spectively, while for the seawater, boundaries along the in-

terfaces 
2 4,� � are represented by 2 4,W W , respectively.  

BEM Formulations For The Pile 

As the pile is treated as a poro-elastic medium, thus, dis-
cretization of the boundary of the pile by certain number of 

boundary elements and application of the boundary integral 
equation (51) on the pile boundary yield the following equa-
tion 

( ) ( )

( ) ( )ˆ ˆ
P P

P P� = �G t H u          (61) 

where the superscript P denotes the pile; ( )P
G and 

( )P
H  in 

(61) are the coefficient matrix obtained by integrating shape 

function kernel products over all the boundary elements of 

the pile; ( )
ˆ

Pu and ( )
ˆ

Pt  are the generalized displacement and 

traction vector of the pile for all the nodes of the pile’s 

boundary elements. Multiplying both side of equation (61) 

by 
1( )P �

G  and letting 
1( ) ( ) ( )P P P�

=E G H , one has 

( ) ( ) ( )ˆ ˆP P P= �t E u          (62) 

Dividing ( )
ˆ

Pu and ( )
ˆ

Pt into three parts corresponding 

to
1P , 2P  and 

3P [Fig. (1)], respectively, and rearranging the 

coefficient matrix ( )P
E in (62), one has the following parti-

tioned matrix equation 

1 1

2 2

33

( ) ( ) ( )
( ) ( )11 12 13

( ) ( ) ( )

( ) 21 22 23 ( )

( ) ( ) ( )

31 32 33 ( )( )

ˆ ˆ

ˆ ˆ

ˆ ˆ

P P P
P P

P P P

P P

P P P

PP

� � � �� �
	 	 	 	
 �	 	 	 	

= �� 
 � 

 �
	 	 	 	
 �

	 	� �	 	 � �� �

t uE E E

t E E E u

E E E ut

       (63) 

where the subscripts 1P , 2P  and 3P  represent the parts of 

the pile boundary (Fig. 1); ( )
ˆ

iPu , ( )
ˆ , 1, 2,3

iP i =t  denote the 

generalized displacement and traction vectors for the bound-

ary 1P , 2P  and 3P  of the pile, respectively and have the 

following expressions 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

ˆˆ ˆ ˆ ˆ[ , , , ]
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i i i i i

i i i i

i i i
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P x P y P z P P

x P x P x P P
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z P z P P
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P P P

u u u N
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p p N
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=

=

=

u u u u p

       (64) 

( ) ( ) ( ) ( ) ( )
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( ) ( )

( ) ( )

( ) ( )

ˆ ˆ ˆ ˆ ˆ[ , , , ]
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ˆ ˆ(1),..., ( )]
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i i i i i

i i i i

i i i

i i i

i i i

P x P y P z P n P

x P x P x P P

y P y P P

z P z P P

T

n P n P P

t t t N

t t N

t t N

w w N

i

=

=

=

t t t t w

       (65) 

where PiN
is the total node number for the boundary iP

.  
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BEM Formulations For The Seabed 

Similarly, using the boundary integral equation (51) 
along the boundary of the seabed and following the similar 
procedure, a partitioned matrix equation can also be estab-
lished for the seabed 

1 1

44

( ) ( )
( ) ( )11 14

( ) ( )

41 44 ( )( )

ˆ ˆ

ˆ ˆ

S S
S S

S S

SS

� � � �� �	 	 	 	
= �
 �� 
 � 


 �	 	 	 	� � � �� �

t uE E

E E ut
        (66) 

where ( )
ˆ

iSu , ( )
ˆ , 1, 4

iS i =t  denote the generalized displace-

ment and traction vectors of the seabed boundaries 1S  and 

4S  (Fig. 1), which have similar elements arrangement as in 

(64)-(65). 

BEM Formulations For The Seawater 

Application of the boundary integral equation (60) and 
implementation the discretization scheme corresponding to 
the pile and the seabed, the following partitioned matrix 
equation is obtained for the seawater 

2 2

4 4

( ) ( )
( ) ( )22 24

( ) ( )

( ) 42 44 ( )

ˆ ˆ

ˆ ˆ

W W
n W w W

W W

n W w W

� � � �� �	 	 	 	
= �
 �� 
 � 


 �	 	 	 	� �� � � �

q pE E

q E E p
       (67) 

where ( )
ˆ

in Wq , ( )
ˆ

iw Wp , 2, 4i =  denote the normal dis-
placement and the pressure of the seawater along the bound-
ary 2W  and 4W  and have the following form 

( ) ( ) ( ) ( )
ˆ ˆ ˆ ˆ[ (1), (2),..., ( )]

i i i i i

T

n W n W n W n W Wq q q N=q
,  

( ) ( ) ( ) ( )
ˆ ˆ ˆ ˆ[ (1), (2),..., ( )]

i i i i i

T

w W w W w W w W Wp p p N=p  , 2, 4i =       (68) 

where ( )
ˆ ( )

in Wq j , ( )
ˆ ( )

iw Wp j denote the normal displacement 

and the pressure at the j-th node of the boudnary iW
. 

THE COUPLED BEM MODEL FOR THE PILE, THE 
SEABED AND THE SEAWATER 

In above section, three boundary element formulations 
are established for the pile, the seabed and the seawater. In 
this section, the three boundary element formulations and the 
continuity conditions along the interfaces between the pile, 
the seabed and the seawater are used to establish the coupled 
boundary element model for the system. 

The Continuity Conditions Between Three Domains 

The continuity conditions at the interface 
1� between the 

pile and the seabed (Fig. (1)) have the following form [25] 

1 1( ) ( )
ˆ ˆ

P S=u u , 
1 1( ) ( )

ˆ ˆ
P S= �t t          (69) 

The continuity conditions at the interface 
2� between the 

pile and the seawater have the following form [26] 

2 2( ) ( )
ˆ ˆ

P W=p p ,           (70) 

2 2 2( ) ( ) ( )
ˆˆ ˆ

n P n P n W+ = �u w q ,          (71) 

2 2 2 2 2 2 2( ) ( ) ( ) ( ) ( ) ( ) ( )
ˆ ˆ ˆˆ ˆ

x P x P W x P x P P x P+ � = + � =t n p t n p t ,       (72) 

2 2 2 2 2 2 2( ) ( ) ( ) ( ) ( ) ( ) ( )
ˆ ˆ ˆˆ ˆ

y P y P W y P y P P y P+ � = + � =t n p t n p t ,        (73) 

2( )
ˆ

z P =t 0           (74) 

where 
2( )

ˆ
Pp ,

2( )
ˆ

n Pu and 
2( )

ˆ
n Pw are the pore pressure, the nor-

mal displacement of the solid frame and the normal infiltra-

tion displacement of the pore fluid along the boundary 2P  of 

the pile; 
2( )

ˆ
x Pt , 

2( )
ˆ

y Pt , 
2( )

ˆ
z Pt are the traction applied to the pile 

boundary 2P in the x, y and z direction, respectively and 

2( )
ˆ

x Pt , 
2( )

ˆ
y Pt  are the external tractions exerted on the bound-

ary 2P in the x, y direction due to the water wave; 
2( )x Pn , 

2( )y Pn  are the direction cosine matrix in the x and y direction 

along the pile boundary 2P . The direction cosine matrix 

( )ix Pn , 
2( )y Pn  for the iP boundary of the pile are arranged in 

the following matrix form 

( )

( )

( )

( )

(1) 0 ...... 0

0 (2) ...... 0

.....

0 0 ........ ( )

1, 2,3; ,

i
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i i
P Pi i

j P

j P
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j P P
N N

n

n

n N

i j x y

�

� �
� �
� �
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� �
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� �

= =

n
       (75) 

The continuity conditions between the seabed and the 
seawater at the interface 

4� (Fig. 1) have the following form 
[26]  

( ) ( )4 4

ˆ ˆ
S W
=p p ,           (76) 

4 4 4( ) ( ) ( )
ˆˆ ˆ

z S n S n W� + = �u w q ,          (77) 

4( )
ˆ

x S =t 0 ,           (78) 

4( )
ˆ

y S =t 0 ,          (79) 

4 4 4 4 4( ) ( ) ( ) ( ) ( )
ˆ ˆ ˆˆ ˆ

z S W z S S z S� = � =t p t p t         (80) 

where 
4( )

ˆ
z St  is the external traction applied to the boundary 

4S in the z direction due to the water wave.  

The Coupled BEM Model For The System 

Using the continuity condition (69) and equations (63) 

and(66), the following equation along the interface 
1�  is 

obtained 

1 2 3

4
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E E u E u E u

E u 0
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The above equation can be rewritten in the following ma-
trix form 
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u

u

       (82) 
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Using the BEM formulation for the pile, the traction 

2( )
ˆ

Pt along the boundary 2P  of the pile is expressed in the 
following form 

2 1 2 3

1

2

3

4

( ) ( ) ( )

( ) 21 22 23 ( ) ( ) ( )
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( )( ) ( ) ( )
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t E E E u u u

u
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E E E 0

u
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       (83) 

On the other hand, the traction along the boundary 2P  of 
the pile can have the following expression if the continuity 
condition (70)-(74) is taken into account 

2 2 2

2 2 2

2
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2 2 2

2 2 2

2 2 2 2 2
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Using the BEM formulation for the seawater, the normal 

displacement of the seawater along the boundary 
2W  has the 

following form  

2 2 4

2 4

( ) ( )

( ) 22 ( ) 24 ( )

( ) ( )

22 ( ) 24 ( )
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q E p E p

E p E p
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Using equations (84) and (85), one has the following 
equation for 

2( )
ˆ

Pt  
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where 
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Combination of equations (83) and (86) gives the follow-
ing coupling equation for the seawater and the pile along the 
interface 

2�  
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For the boundary 
3�  of the pile, it is assumed that 

3( )
ˆ

Pt
 
is 

known a prior and thus using (63), one has the following 

equation for the interface 
3�  

1 2 3 3

( ) ( ) ( )

31 32 33 ( ) ( ) ( ) ( )
ˆˆ ˆ ˆ[ , , ] [ , , ]P P P T

P P P P� =E E E u u u t        (89) 

where 
3( )

ˆ
Pt is the given traction along the boundary 3P  of 

the pile. The above equation can be rearranged into the fol-
lowing matrix form 
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u

       (90) 

According to the BEM formulation for the seabed (66), 
the traction along the boundary 4S  of the seabed has the 
form 

4 1 4

( ) ( )

( ) 41 ( ) 44 ( )
ˆ ˆ ˆS S

S S S= � + �t E u E u         (91) 

On the other hand, in terms of the continuity condition 
(76)-(80) along 4� , the traction along the boundary 4S  of 
the seabed may be expressed as  
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       (92) 
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The normal displacement of the seawater 
4( )

ˆ
n Wq

 
along the 

boundary 4S  of the seabed can be obtained using the BEM 

formulation (67) for the seawater, which gives 

4 2 4

2 4

( ) ( )

( ) 42 ( ) 44 ( )

( ) ( )

42 ( ) 44 ( )

ˆ ˆ ˆ

ˆ ˆ

W W

n W w W w W

W W

P S

= � + �

= � + �

q E p E p

E p E p
        (93) 

Substitution of the above equation into (92) yields the 
following equation 

1

2

4
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4
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ˆ

ˆ
ˆ [ ]
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ˆ
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u 0

0u
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,       (94) 

in which  

( )

( )
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W

� �
� �
� �=
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00 0 0

00 0 0
A
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        (95) 

( )
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W

� �
� �
� �=
� �
� �

�� �� �

00 0 0

00 0 0
B

00 0 I

00 I E

,         (96) 

Combination of equation (94) and equation (91) gives the 
coupling equation along the interface 4�  
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Finally, combination of equations (82), (88), (90) and 

(97) yields the following equations for the unknowns 
1( )

ˆ
Su , 

2( )
ˆ

Pu , 
3( )
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Pu  and 
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Where 
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It is worth noting once 
1( )

ˆ
Su , 

2( )
ˆ

Pu , 
3( )

ˆ
Pu  and 

4( )
ˆ

Su  are 

obtained by (98), unknown tractions along the interface 1�  

can be evaluated by (63) or (66). Thus, all the unknown vari-

ables along the boundary of the system are determined. And 

variables within interior of the domains for the pile, the sea-

bed and the seawater can be calculated using the correspond-

ing Somigliana identities. 

NUMERICAL RESULTS 

In this section, numerical examples will be used to dem-

onstrate the capacity of the proposed coupled model. In the 

examples, the influence of the modulus ratio between the 
pile and the seabed will be examined. The pile is assumed to 

have a circular cross section. The boundary of the pile, the 

seabed and the seawater is covered by 2-D eight-node isop-
arametric boundary elements. As the current pile-seabed-

seawater system is symmetrical with respect to yoz plane, 

only half of the boundary of the system needs to be discre-
tized. The top and the bottom of the pile as well as the 

boundary of the seabed in contact with the bottom of the pile 

are discretized by the elements and the nodes as shown in 
Fig. (2). The side of the pile and the corresponding bounda-

ries of the seabed and the seawater are divided into several 

segments and each segment is discretized by certain number 
of boundary elements which match the elements and the 

nodes at the bottom and the top of the pile. Note that to 

round off the corners of the seabed and the seawater, the 
boundary of the pile is divided into three parts and each pile 

boundary is separated by a very small separation at the inter-

face of the seabed and the seawater as well as at the surface 
of the seawater. Moreover, the interface between the seabed 

and the seawater is discretized by a series of concentric an-

nular rings, each of which is further discretized by the same 
number of boundary elements as each segment of the pile.  

 

 

 

 

 

 

 

 

 

 

 

Fig. (2). Discretization scheme for the bottom, the top of the pile by 

twelve boundary elements and forty nine nodes.  

o

y

x
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In this example, the embedded length of the pile in the 
seabed is 1 15h = m and the depth of the overlying seawater 
is 2 15h = m. The length of the pile above the water surface 
is 

3 1h = m and the diameter of the pile is 0.6d = m (Fig. 
(1)). As mentioned previously, the bottom and the top of the 
pile are discretized by twelve elements (Fig. (2)), respec-
tively. The first part of the pile which is embedded in the 
seabed is divided into 15 segments uniformly and to match 
the discretization scheme of the bottom of the pile (Fig. (2)), 
each segment of the first part is discretized by eight ele-
ments. The second and the third part of the pile which are in 
contact with the seawater and above the seawater are divided 
into 15 segments and two segments uniformly and each 
segment of the second and the third part is also discretized 
by eight elements. Moreover, the infinite interface between 
the seabed and the seawater is simulated by twelve annular 
rings, and each ring is covered by eight boundary elements. 

The traction 
3( )

ˆ
Pt  along the boundary 

3� of the pile is as-

sumed to vanish. The angular frequencies of the incident 

water wave are 1, 3, 6� = , respectively and the wave height 

of the incident water wave is assumed to be 3 m. The pa-

rameters for the seabed and the seawater are given in Table 

(1). The Lame’s constants 
pμ and 

p�  of the pile take the 

vales: / / 100,300, 1000p s p sμ μ � �= = , respectively, where the 

subscripts p, s denote the pile and the seabed, respectively. 

The other parameters of the pile assume the values as given 

in Table (1). 

Table 1. The Parameters for the Seabed, the Pile and the 

Seawater in the Numerical Example 

Parameters Values 

� ( Pa) 
74.0 10� (seabed) 

μ ( Pa) 
72.0 10� Pa(seabed) 

s� ( kg/m3) 
32.5 10�  kg/m3(seabed), 

 
32.5 10�  kg/m3 (pile) 

f� ( kg/m3) 
31.0 10�  kg/m3(seabed), 

31.0 10�  

kg/m3 (pile)  

�  0.4 (seabed), 0.3 (pile) 

a�  2(seabed), 2 (pile) 

�  0.8 (seabed), 0.8 (pile) 

M ( Pa) 
85.0 10�  ( seabed) 

102.0 10�  ( pile) 

�  ( Pa.s) 
31.0 10�� ( seabed) 

31.0 10��  ( pile) 

k ( m2) 
121.0 10�� ( seabed) 

131.0 10��  ( pile) 

w�  (kg/m3) 
31.0 10�  

wv  (m/s) 1414.0  

Figs. (3)-(5) plots the amplitudes for the horizontal dis-
placement, the shear force of the pile and the pore pressure 

amplitudes at the nodes of the seabed in contact with the left 
and the right side of the pile for the cases of 1, 3, 6� = , re-
spectively. Note that the horizontal displacement of the pile 
at a given vertical coordinate is obtained by averaging the 
horizontal displacements of the elements’ nodes at the same 
vertical coordinate, while the shear force of the pile is ob-
tained by integrating the obtained boundary traction in y 
direction along the boundary of the pile.  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (3a). The influence of the modulus ratio between the pile and 

the seabed ( /p sμ μ , /p s� � ) on the horizontal displacement (
yu ) 

for the case of 1� =  [1/s].  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (3b). The influence of the modulus ratio between the pile and 

the seabed ( /p sμ μ , /p s� � ) on the shear force of the pile (Q) for 

the case of 1� =  [1/s]. 

Figs. 3 (a), 4 (a) and 5 (a) show that when the angular 
frequency of the incident water wave increases from 1� =  
to 3� = , the horizontal displacement of the pile increase 
considerably. However, when the angular frequency varies 
from 3� =  to 6� = , the horizontal displacement of the pile 
decreases pronouncedly. Also, for all angular frequencies of 
the water wave, with increase modulus ratio, the horizontal 
displacement of the pile decreases significantly. Moreover, 
the horizontal displacement for the part of the pile embedded 
in the seabed, is much smaller that for the part immersed in 
the seawater.  
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Fig. (3c). The influence of the modulus ratio between the pile and 

the seabed ( /p sμ μ , /p s� � ) on the pore pressure of the seabed 

contacting the left side of the pile ( leftp ) for the case of 1� =  

[1/s]. 

 

 

 

 

 

 

 

 

 

 

 

Fig. (3d). The influence of the modulus ratio between the pile and 

the seabed ( /p sμ μ , /p s� � ) on the pore pressure of the seabed 

contacting the right side of the pile (
rightp ) for the case of 1� =  

[1/s]. 

 

 

 

 

 

 

 

 

 

 

 

Fig. (4a). The influence of the modulus ratio between the pile and 

the seabed ( /p sμ μ , /p s� � ) on the horizontal displacement (
yu ) 

for the case of 3� =  [1/s]. 

 

 

 

 

 

 

 

 

 

 

 

Fig. (4b). The influence of the modulus ratio between the pile and 

the seabed ( /p sμ μ , /p s� � ) on the shear force of the pile (Q) for 

the case of 3� =  [1/s]. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (4c). The influence of the modulus ratio between the pile and 

the seabed ( /p sμ μ , /p s� � ) on the pore pressure of the seabed 

contacting the left side of the pile ( leftp ) for the case of 3� =  

[1/s]. 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. (4d). The influence of the modulus ratio between the pile and 

the seabed ( /p sμ μ , /p s� � ) on the pore pressure of the seabed 

contacting the right side of the pile (
rightp ) for the case of 3� =  

[1/s]. 
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Fig. (5a). The influence of the modulus ratio between the pile and 

the seabed ( /p sμ μ , /p s� � ) on the horizontal displacement (
yu ) 

for the case of 6� =  [1/s]. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (5b). The influence of the modulus ratio between the pile and 

the seabed ( /p sμ μ , /p s� � ) on the shear force of the pile (Q) for 

the case of 6� =  [1/s]. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (5c). The influence of the modulus ratio between the pile and 

the seabed ( /p sμ μ , /p s� � ) on the pore pressure of the seabed 

contacting the left side of the pile ( leftp ) for the case of 6� =  

[1/s]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (5d). The influence of the modulus ratio between the pile and 

the seabed ( /p sμ μ , /p s� � ) on the pore pressure of the seabed 

contacting the right side of the pile (
rightp ) for the case of 6� =  

[1/s]. 

Similarly, the shear force of the pile also increases when 

the angular frequencies of the water wave increases from 

1� =  to 3� = , while it decreases when the angular fre-

quency varies from 3� =  to 6� = . For the shear force for 

the part of the pile immersed in the seawater, the influence of 

the modulus ratio between the pile and the seabed is very 

little. For the shear force of the pile part embedded in the 

seabed, for the case of 1� = , it increases markedly when the 

modulus ratio varies from / 100p sμ μ =  to / 1000p sμ μ = . 

However, for the case of 3� = , when the modulus ratio 

varies from / 100p sμ μ =  to / 300p sμ μ = , the shear force of 

the embedded part increases, while it decreases when the 

modulus ratio varies from / 300p sμ μ =  to / 1000p sμ μ = . 

For the case of 6� = , the shear force decreases as the 

modulus ratio increases.  

For the pore pressure, we see that for all three cases of 

1, 3, 6� = , the pore pressure of the seabed decreases as the 
modulus ratio increases. Also, the maximum pore pressure 
usually occurs at the upper part of the seabed, which sug-
gests that when performing the pile foundation design, the 
upper part of the seabed around the pile needs special treat-
ment to improve its resistance against the liquefaction and 
shear failure. Numerical results concerning the pore pressure 
also illustrate that the pore pressure of the seabed at the left 
and the right side of the pile has very little difference in it 
amplitudes. Obviously, this phenomenon is due to the low 
frequency of the incident water wave, which suppresses the 
shelter effect of the pile.  

Fig. (6) suggests that the pore pressures of the seabed at 
the left and the right side of the pile have phase differences. 
Thus, it can be concluded that the pore pressures of the left 
and the right side seabed don’t achieve their peaks simulta-
neously. Note that to have a clear image, only the real part 
and the imaginary part of the pore pressure for the case of 

/ 100p sμ μ =  are plotted in Fig. (6).  
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Fig. (6a). The real part and the imaginary part of the pore pressure 

of the seabed contacting the left and the right side of the pile for the 

case of / 100p sμ μ = , / 100p s� � =  with 1� =  [1/s]. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (6b). The real part and the imaginary part of the pore pressure 

of the seabed contacting the left and the right side of the pile for the 

case of / 100p sμ μ = , / 100p s� � =  with 3� =  [1/s].  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (6c). The real part and the imaginary part of the pore pressure 

of the seabed contacting the left and the right side of the pile for the 

case of / 100p sμ μ = , / 100p s� � =  with 6� =  [1/s]. 

CONCLUSIONS 

Based on the boundary element methods for the poro-
elastic medium and the acoustic medium, a frequency do-
main coupled model, which can account for the dynamic 
interaction between the pile, the seabed and the seawater 
when the system is subjected to linear water waves, was de-
veloped in this study. Although only dynamic response of 
the pile-seabed-seawater system to linear water waves is 
considered, the proposed model is general enough to be used 
to address other dynamic problems related to the coupled 
system. For example, using the Fourier transform method, 
the response of the coupled system to random waves in the 
time domain can be dealt with by the model. Furthermore, 
our model can be used to evaluate the dynamic response of 
the system to nonlinear water waves, seismic waves, wind 
loads or ice loads. To show the capacity of the proposed 
model, one numerical example is presented in the paper. 
Numerical results of the example indicate that maximum 
pore pressure usually occurs at the upper part of the seabed 
around the pile. Consequently, it is important to perform the 
design for the offshore pile foundation appropriately to lower 
the pore pressure at that region. Also, our calculation sug-
gests that increasing modulus ratio between the pile and the 
seabed is an effective approach for reducing the maximum 
pore pressure of the seabed. Moreover, it can reduce the 
horizontal displacement of the pile considerably.  
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