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Abstract: A new method is presented to compute the normal depth in circular conduit. This is the rough model method
(RMM). It states that the linear dimension of a conduit or channel is equal to the linear dimension of a referential rough
model corrected by the effect of a non-dimensional correction factor. The method is based on the Colebrook-White and
Darcy-Weisbach relationships, applicable to the entire domain of turbulent flow. From the relationship governing the flow
in the rough model, the normal depth in a circular conduit is explicitly deduced.
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1. INTRODUCTION

The methods of calculating the uniform flow in conduits
and channels are not numerous. Some of them are graphics
and other iterative [1-3]. For circular and non-circular
conduits, explicit calculation methods have been proposed in
the past and one may quote as an example the method of
Swamee and Swamee [4]. In this method, the design of non-
circular conduits is based on a similar relation to that
established for the circular pipe by Swamee and Jain [5]:
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where D is the vertical dimension of the conduit, K, is a

constant depending on the shape of the conduit and Lis a
linear dimension whose physical meaning has not been
specified. Note that relation (1) is only applicable to the
filling rate of 75%. In Eq. (2), Q is the discharge, & is the
absolute roughness characterizing the state of the inner wall
of the conduit, g is the acceleration due to gravity, i is the
longitudinal slope of the conduit and v is the Kinematic
viscosity. In the study of Swamee and Swamee [4], an
explicit approximate relation is proposed for estimating the
filling rate in circular and non-circular conduits:
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wherenp =y /D, Y, is the normal depth, D is the diameter

of the conduit, K., K, ,and K., are constant values

which depend on the shape of the geometric profile of the
considered conduit. Note that the application of Eq. (3)
requires the determination of the maximum discharge whose
expression is established on the basis of statistical analysis of
several curves. According to the authors, Eq. (3) is
applicable for filling rate higher than 30% and it causes a
maximum relative error of about 1%.

The last known method for determining normal depth in
circular conduit was published ten years ago [6]. Using
Lagrange’s theorem [7], the authors gave expression of the
filling rate in the form of an infinite series, depending
however on the coefficients of Chezy and Manning that are
determined with great difficulty using iterative procedure,
because these coefficients depend particularly on the filling
rate 7 . The final result is obtained by truncating the series,

leading to an approximate filling rate. As we can see below,
the relationship determining the filling rate 7; is not easy to

handle for the use of the engineer. When Chezy’s equation is
used, filling rate 7; is given as:

(4)
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where M_ =Q/ (CDZ\I Di ) and C is Chezy’s coefficient.

When Manning’s equation is used, the filling rate 77 is
expressed as:
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where N, =nQ/ ( Dm\/i_) and n is Manning’s coefficient.
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In this study, a simple method is proposed for the design
of conduits and canals as well as the determination of normal
depth. It is based on fitting a single curve, that of a
referential rough model having the same shape as of the
considered conduit. All hydraulic flow characteristics in the
considered conduit are directly derived from those of the
referential rough model which are known characteristics.
The calculation method is presented through practical
examples applied to the circular conduit.

2. LOCATION OF THE PROBLEM

Normal depth is an important parameter in the design of
the pipes and channels, as well as in the varied flows
analysis. In the literature, the normal depth is referred to as
y,. Fig. (1) shows schematically the normal depth in a
circular conduit of diameter D.

—
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Fig. (1). Definition sketch of normal depth in circular conduit.

The calculation of normal depth is based primarily on the
open channel resistance equations. The most commonly used
equations in practice are namely the Darcy-Weisbach
relationship, Chezy and Manning equations. The first one
uses the friction factor as defined by Colebrook-White which
is implicit. The solution involves many trials and tedious
computations or laborious graphical procedure. The second
and the third resistance equations use Chezy and Manning
roughness coefficients that are not constant but vary
depending especially on the filling rate and therefore on the
normal depth. The calculation of these coefficients is done
with a great difficulty using an inconvenient iterative
process.

The problem is to compute normal depth using
measurable data in practice such as the discharge Q, the
slope i of the conduit, the diameter D of the conduit, the
kinematic viscosity and mainly the absolute roughness &
which reflects the state of the internal wall of the conduit. To
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solve the problem according to these data only, the RMM is
the most appropriate method. This is what attempt to
demonstrate the result of this study.

3. FUNDAMENTAL RELATION OF THE RMM

Consider on one hand a circular conduit of diameter D,
flowing the discharge Q of a fluid with v as the kinematic
viscosity, under a longitudinal slope i. The inner wall of the
conduit is characterized by the absolute roughnesse. On the
other hand, consider a referential rough model of the same

shape defined by the diameter D # D , the discharge 6 =Q,

the kinematic viscosity v=v anda longitudinal slopei =1
. The inner wall of the model is characterized by the relative

roughness el Eh =0.037, where D_h is the hydraulic
diameter. Due to the high relative roughness, the flow in the

model is rough involving a friction factor f=1/16
according to Colebrook-White relationship [9] for the

Reynolds number R — oo. The diameters D and D are not
only different but are governed by the inequality D > D.

Between the diameters D and D, one can write the following
equation:

D=ywD (6)

where  is the non-dimensional correction factor of linear
dimensions such as 0 <y <1. Eq. (6) is the fundamental

relation of the RMM. It can be generalized to all conduits
and channels, writing that:

L=yL (7

where L is any linear dimension, such that the width of a
rectangular channel, the hydraulic radius, the diameter of a
circular pipe or the vertical dimension of a noncircular

—2
closed conduit etc... Eq. (7) can be written as L* =y’ L

—2
and since L® and L are respectively proportional to the

water areas Aand A, then we can write :

A:t//zz ®)

4. NON-DIMENSIONAL CORRECTION FACTOR OF
LINEAR DIMENSIONS

The Colebrook-White relationship [8] is applicable to
any geometric profile of conduits or channels, since the form

factor ¢ =R, , / R, has a second-order effect [3], where R,

is the effective hydraulic radius. Colebrook-White
relationship [4] can then be written as:

1 2log e/D, 251 ©)
_— _t
Jr 37 RYT

where f is the friction factor and R is the Reynolds number.
According to Eq. (7), one can write the following equations:
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D, =yD, (10)
4Q 4 -
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Taking into account the Darcy-Weisbach relationship [8],
the longitudinal slope of the conduit can be written as:

f 2 - ? 2
| =— Q " === Q_z (12)
Dh 20A Dn 20A
Hence
f 1 (13)

Inserting equations (8) and (10) into Eq. (13), one can
deduce:

w=(16f)" (14)
Combining equations (8), (9), (11) and (14), leads to:
/D, 10.04
w*log| by o |2 2 (15)
37y  w**R

Eg. (15) is implicit towards the correction factor y which
must then be graphically estimated or computed with the aid
of an iterative procedure. One way to avoid this is to use the
following derived explicit relationship, obtained by a
statistical analysis [10, 11]:

_— -215
¢/D 85
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A comparison was made between equations (15) and
(16), varying &/D, from 0 to 0.02. It revealed that
maximum deviation is less than 0.4% for EZZZOO

corresponding to R > 2300. Eq. (16) is applicable in all the
field of turbulent flow, corresponding to R > 2300 and to the

wide range0< ¢/ D, <0.05. Eq. (16) is applicable to any

form of conduits and channels. It is valid for any filling rate
and shape parameter channels. It is more general than is

Eq. (2).

5. NORMAL DEPTH COMPUTATION IN CIRCULAR
CONDUIT USING RMM

For the rough model, Chezy’s equation can be written as:
Q=Q=CAJRj (17)

Since?=1/16, one can writeC = 89/?:8\/29.

The wetted area A is governed by the following relation:
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Z:%[cosl (1-27)-2(1-27) 7_7(1—5)} (18)

Where r_7:y_n/5is the filling rate in the rough model
and y_n is the normal depth. Eq. (18) can be written as:

4

A== oo (19)
where :

o(7) = cos * (1-277) (20)
oyt 2(1“:3)(1 _772(;7) n) 1)

The wetted perimeter E is given by:

P=Dcos* (1— 27_7) (22)
or:

P=Do(y) (23)

The hydraulic radius R_h = A/ Pis then:

D —
R, = 27 (1) (24)

Taking into account Egs. (19) and (24) and the fact that
C =84/2g, Eq. (17) is written as:

Q=Q=2ygiD o) 0@ | (25)
The relative conductivity 5 = 6/ giB5 is then:
Q = 2o e ] (26)

The relative conductivity (_2 in the rough model is thus

function of the filling rate 7_7 Eq. (26) was plotted in
Fig. (2). It shows that the relative conductivity in the rough

1
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Fig. (2). Plot of Eq. (26).
(®) Maximum relative conductivity corresponding to7 = 0.95
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model begins with an ascending phase, then reaches a
maximum and finally undergoes a decreasing phase beyond
this maximum. The calculation showed that the maximum

relative conductivity is achieved for the filling rate 5 =0.95.
In the wide range0.15< Z <0.85, corresponding to

0.255< 6* < 4.433, a special study of Eq. (26) has shown

that the filling rate 7_7could be expressed, with a maximum

relative deviation less than 0.3% only, by the following
approximate relation;

—*0.519

. (57—
sm(—n) =0.432Q (27)
11

Consider a referential rough model having a diameter D
equal to that of the full-model state corresponding to 77 =1;

Egs. (20) and (21) give respectively 0'(7_7)=7r and

§0(7_7) =1. As a result, Eq. (26) leads to 6 =72 . For

this value, Fig. (2) indicates a filling rate 7 ~0.852. We

thus obtain a rough model with a diameter equal to that of
the full-model state, characterized by the filling rate

n ~ 0.852. For this filling rate, Egs. (23) and (24) allow to
write respectively that:

P=2352D (28)

D, =1.2126D (29)

The rough_full-model diameter is obtained for the relative
conductivity Q = z+/2, applying what follows:

- (m2) " (%J 30)

For the data of the problem, namely Q, D, i, ¢ and v,
Egs. (28), (29) and (30) are used to calculate respectively the

characteristics D, P and Hhof the referential rough model
and hence the wvalue of the Reynolds number

R :4Q/(Ev). For the calculated values of Hhand R,

Eqg. (16) allows to compute explicitly the non-dimensional
correction factor of linear dimensions .

If we affect to the referential rough model the new linear
dimension D/y , according to Eq. (6), the filling rate ;in
the rough model would be equal to the filling rate 7 in the
considered conduit. This filling rate is given by Eq. (27) for

the relative conductivity(_g*=Q/»\/gi(D/y/)5. The

required normal depth istheny =7D.
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6. EXAMPLE 1

Compute the relative normal depth in circular conduit for
the following data, using the RMM:

Q=3m’/s, D=2m, i=5x10", ¢ >0, v=10"m"/s

Note that the resistance coefficient C of Chezy or n of
Manning is not required.

Calculate the diameter D of the full rough model using
Eg. (30). Hence:

= (72’ X \/;)704 (;j ~ 2.475m
x/9.81>< 5x10"

According to Eq. (28), the wetted perimeter E is:
P = 2.352D = 2.352x 2.475 = 5.8212m

The Reynolds number R is:
R=4Q/(Pv)=4x3/(5.8212x10"°) = 2061430.63

1. According to Eg. (16), the non-dimensional correction
factor of linear dimensions is then :

85 =215
v = 1.35[— log (Tﬂ
R

8_5 -215
=1.35x| —log]| ———— || =0.6884
2061430.63

Compute the relative conductivity (S for the new linear
dimension :

D=D/y =2/0.6884 = 2.905m .

Hence:

Q =Q/\Jai(D /)

—3/+/9.81x5x10™ x2.905° = 2.978

According to Eq. (27), the filling rate is thus :

- 1 —* 0519
n=n=—sin (0432Q )

Y4

11
= x sin (0.432x 2.978 ") ~ 0.605

S5xrx

2. The required value of the normal depth is then :

Yy, =nD =0.605x2=1.21m
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3. Check the calculations by determining the discharge Q
by the use of Eq. (17). For the calculated filling rate

n =n =0.605, Egs. (20) and (21) give respectively:
o(17) = cos™ (1— 27_7) =cos ' (1-2x0.605) =1.7824
_ 2(1—277) 77(1—77)
p(n)=1- - =
cos”* (1-27)

. 2x(1-2x0605) x \J0.605 (1 - 0.605)
cos” (1-2x0.605)

=1.1152
As a result, Eq. (19) gives the wetted area A as:

2

(7)o ()= 1.7824x1.1152

> |

J>|UN|

=4.1936m’
According to Eqg. (24), the hydraulic radius R_h is then:

— D - 2905
R =—0p@-= x1.1152 = 0.81m
4
Finally, Eq. (17) gives the discharge Q as:
Q-Q-CAR,

= 8><x/2><9.81><4.1936><’\f0.81><5><1074
=299m°/s~3m°/s

As one can see, the calculated discharge corresponds to
the discharge given in the problem statement, confirming the
validity of the calculations.

The calculations could be also checked by the general
relationship of the discharge [12].

7. EXAMPLE 2

Let us propose another example of the normal depth
calculation in circular conduit for a positive absolute
roughness, in order to confirm the reliability of the RMM.
Consider the following data:

Q=1m’/s, i=4x107,
y=10°m’/s

1. Using Eq. (30), the diameter D of full rough model is :

= (7[ x \/;) - (;j ~1.668m
x/9.81x 4x10”

D=17m, ¢ =0.001m,
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2. According to Eq. (28), the wetted perimeter P is :

P = 2.352D = 2.352x1.668 = 3.923m
3. Using Eq. (29), the hydraulic diameter Hh is then:

D, = 1.2126D =1.2126x1.668 = 2.0226m

4. With the calculated value of P, Reynolds number R in
the rough model is:

R=4Q/(Pv)=4x1/(3.923x10"°) =1019610.79

5. Using Eq. (16), the non-dimensional correction factor of
linear dimension wis as:

— -2/5
e/D, 85
v =135| —log +—=
4.75 R

0.001/ 2.0226 85 2
w =135x%| —log +
475 1019610.79

=0.77935

6. Assign to the rough model the following new linear
dimension, according to Eq. (6):

D=D/ w =1.7/0.77935 = 2.1813m

The corresponding value of the relative conductivity is
then:

Q =Q/+/gi(D/y)’

=1/ \/9.81>< 4x107*x2.1813° = 2.27167

7. The required value of the filling rate 77 is given by
Eq. (27) as:

- 11 1 —=* 0519
n=n= sin (0.432Q )

5z

1
x sin *(0.432 x 2.27167 °***) ~ 0.506
S5xrm

8. Finally, the normal depth is:
y, =nD =0.506x1.7 = 0.86m

9. Verify the validity of the calculations by determining
the discharge Q using Eq. (17). Compute first o (7)
and go(lz using Egs. (20) and (21) respectively. Hence:

a(;) =cos™ (1— 27_7) =cos " (1-2x0.506) = 1.58285

2(1-20)\ln(1-7)

cos” (1— 27_7)

o(1) =1-
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2x(1-2x0.506) x \/0.506 x(1-0.506)
cos* (1-2x0.506)

=1

=1.00762
According to Eq. (19), the water area Ais:

—_ )

— D —_
A=—ocm)e(n)=
4

x1.58285x1.00762

=1.8972m°

According to Eq. (24), the hydraulic radius R_h is as:
— D -
Ri=—o)=

4

Using Eqg. (17), the discharge Q is then:

2.1813

x1.00762 = 0.5495m

Q=Q=CAyRi
— 8x~/2x9.81x1.8972x 1/0.5495 x 4x10™*

=0.9967m’ /s ~1m®/s

This second example shows once again that the cal-
culated discharge is equal to the discharge given in the pro-
blem statement, confirming the validity of the calculations.

8. CONCLUSION

A new computation method of normal depth in circular
conduit is presented. This is the rough model method
(RMM) which states that any linear dimension of a conduit
or channel is equal to the linear dimension of a referential
rough model, corrected by the effect of a dimensionless
factor.

The method is based on Colebrook-White and Darcy-
Weisbach relationships and is, therefore, valid throughout
the field of turbulent flow.

The application of the method for the determination of
normal depth in a circular conduit is presented. It leads to the
establishment of an excellent approximate equation
expressing the filling rate, depending on the relative
conductivity in the referential rough model. This is
characterized by a diameter equal to that of the full-model
state and by a filling rate of 0.852. The obtained relationship
allows us to deduce explicitly the normal depth in the
considered circular conduit, using the fundamental
relationship of the RMM. Practical examples are taken to
explain the process of calculation. The proposed method
does not require the coefficients of Chezy and Manning,
unlike current methods of calculation. The theoretical
development as well as the calculation examples we
proposed show no restriction in the application of the rough
model method.
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NOTATION

A = Water area

C = Chezy’s coefficient

D =  Diameter of the conduit
Dy, - Hydraulic diameter

f = Friction factor

g = Acceleration due to gravity
i = Slope of the conduit

L = Linear dimension

P = Wetted perimeter

Q = Discharge

Q" =  Relative conductivity

R = Reynolds number

Ry =  Hydraulic radius

Yo =  Normal depth

& = Absolute roughness

n = Fillingrateequalto y /D
w =  Non-dimensional factor

v = kinematic viscosity
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