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Abstract: In this paper, the applicability and the effectiveness of the probabilistic finite element methods (FEMs) such as
the perturbation method, and the Spectral Stochastic Finite Element Method (SSFEM) applied to the reliability analysis of
the slope stability have been studied. The results were checked by the Monte Carlo simulation and a direct coupling ap-
proach combining the deterministic finite elements code and First Order Reliability Method (FORM) algorithm. These
methods are presented considering the spatial variation of soil strength parameters and Young modulus. The random field
is used to describe the spatial variation. Also, the reliability analysis is conducted using a performance function formulat-
ed in terms of the stochastic stress mobilized along the sliding surface. The present study shows that the perturbation
method and SSFEM can be considered as practical methods to conduct a second moment analysis of the slope stability
taking into account the spatial variability of soil properties since good results are obtained with acceptable estimated rela-
tive errors. Finally, the perturbation method is performed to delimit the location of the critical probabilistic sliding surfac-
es and to evaluate the effect of the correlation length of soil strength parameters on the safety factor. In addition, the two
methods are used to estimate the probability density and the cumulative distribution function of the factor of safety.

Keywords: FORM algorithm, monte carlo simulation, perturbation method, random field, slope stability, spatial variability.

1. INTRODUCTION

For a long time the engineers have analyzed the slopes
stability by limit equilibrium methods. These methods have
the merit to be satisfactory in spite of the simplifying as-
sumptions on which their calculations are based. Neverthe-
less, several real aspects of the slope progressive failure phe-
nomenon are ignored. Also, the uncertainties and the risks in
soil properties as well as their laws of behavior are generally
not taken into account in a rational manner.

Within the conventional strategy of the design, we intro-
duce a coefficient called the coefficient of safety whose role
is to cover all sources of errors and uncertainties. Concerning
the problem of the slope stability, several definitions of the
safety factor are proposed. The most commonly used is the
ratio of the resistance moment on the moment driving of a
soil mass delimited by a given slip surface. It is clear that
this factor of safety does not treat the various uncertainties of
the soil properties in an explicit way.

These conventional methods do not take into account the
soil behavior and the distribution of the stress. The determin-
istic finite elements method is an alternative tool to make
possible to provide indications on the soil displacement. It is
able to simulate soil behavior without simplifying the prob-
lem. Also, the use of the finite element method for complex
problems is necessary to obtain more reliable and accurate
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results. Using the finite element method, two commonly
used approaches have been developed to analyze slope sta-
bility such as gravity loading and strength reduction method.
Another procedure based on stress fields had been proposed
by Kim and Lee, 1997 and Farias and Naylor, 1998 [1, 2] to
evaluate the safety factor and the critical slip surface. How-
ever, these methods ignore the randomness in the soil prop-
erties. To take into account these uncertainties, it is neces-
sary to use the stochastic methods. In this context, in recent
years, several probabilistic approaches have been proposed
to investigate with a rational manner the slope stability prob-
lem [3-11].

The impact of uncertainties on the slope stability is often
considerable. Generally speaking, the main contribution to
the slope failure can be limited to the variability of soil prop-
erties. The spatial variability of the soil properties is the con-
sequence of natural geological processes which modify con-
tinuously the soil mass [12-15]. In this work, inherent soil
variability has been considered. It can be quantified by the
random fields theory which represents the suitable mathe-
matical tool [16-22]. A homogenous Gaussian random field
commonly used to model the soil properties is defined by
mean, variance and autocorrelation function. It has been not-
ed that soil strength properties exhibit correlation lengths
ranging from 0-6m in the vertical direction and between 0-
60m in the horizontal direction. The cohesion c and the fric-
tion angle ¢ are negatively cross correlated. Several formu-
lations of stochastic finite element methods have been devel-
oped [10, 23-26], which are applied in different domains. A
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comprehensive study of the past, present and future of the
stochastic finite element method has been established by
Stefanou [27].

Two probabilistic methods such as perturbation method
and spectral stochastic finite element method (SSFEM) ap-
plied to analyze slope stability have been studied. The meth-
ods are developed using independent random fields to de-
scribe the spatial variability of soil strength parameters and
the Young modulus. Therefore, a discretization procedure is
used to approximate the random fields [28-30]. Generally
speaking, the probabilistic methods presented in this paper,
when they are developed with random fields, their handling
becomes more complex. However, the random field theory is
a suitable mathematical tool commonly used to take into
account the spatial variability of soil properties. Currently, in
literature the majority of papers dealing with the reliability
analysis of slope adopting the random field theory, homoge-
neous slopes are considered. For the sake of simplicity, to
study the perturbation method and SSFEM method, the au-
thors considered a homogeneous slope with no foundation
layer. The different results are checked by the direct cou-
pling approach and the Monte Carlo simulation combining a
linear deterministic finite elements code. The mean and
standard deviation of the safety factor are evaluated for a
given critical probabilistic slip surface. The methods are
used to generate the probability density function, the cumu-
lative function of the safety factor. An investigation of the
influence of the correlation length of the soil strength param-
eters on the safety factor is presented. In addition, the re-
search results of the critical probabilistic circular slip surface
are given considering the spatial variation of the soil strength
parameters. Finally, a discussion of the applicability and the
effectiveness of the methods is presented. FERUM [31] (Fi-
nite Element Reliability Using Matlab), SLOPE/W and
SIGMA/W [32] coupled with programs written in MATLAB
software are used to accomplish the present study.

2. BASIC CONCEPTS
2.1. Accuracy of the Random field Discretization

The Karhunen-loéve discretization procedure [33] based
on the spectral decomposition of its auto-covariance function
is used. The discretization error can be estimated by the fol-
lowing relation:

1
= Efﬂo err(x)dQ (1)
where:

Qp : Random field domain.

Var(H(x)—H(x))

err(x) = Var(H(x)) (2)

Var: Variance; and H(x) : Random field. H(x) : Random
field truncated at N terms. A very low value of &€ means a
high accuracy of the discretization
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2.2. The Performance Function for a Slope Reliability
Analysis
2.2.1. Global Factor of Safety

To perform a reliability analysis of a system, a perfor-
mance function G formulated by a set of random variables X
describing uncertainties is used. It is defined as follow:

G > 0 defines the safe domain.
G < 0 defines the failure domain.
G = 0 defines the failure surface.

In the present probabilistic analysis, the performance
function G is defined by the safety factor. The commonly
used definition of the factor of safety can be formulated by
the following relation:

S [r,dl

where: 7, is the shear strength determined by the Mohr Cou-
lomb criterion;

(3)

T,, IS the shear stress.
Ty =optang +c¢ 4

Using the finite element stress fields [1, 2], for a given
slip surface divided into n segments, the expression of the
safety factor is:

n
Y (c+ oitan(¢))Al;
o1
Fs(§) =+ n (5)
Z TiAli
i=1
In this equation: n is the number of segments of the slip

surface; c is cohesion; ¢ is the friction angle; o; is the nor-
mal stress; and t; is the shear stress. For a segment of the
slip surface of length Al; located in the i" element, inclined
at an angle « to the horizontal plan. The normal stress o; and
the shear stress t; at the middle i"" segment of the slip surface
are calculated from stresses oy, o, and oy, based on the fol-
lowing relations:

T, = 0.5(O'y - ax)sin(Za) + oyycos(2a) (6)
0; = 0y sin®(a) + oy, cos*(a) — o,y sin(2a) (7

Then, the performance function used for the proposed re-
liability analysis can be expressed as:

G)=F—1 8

2.2.2. Evaluation of the Stochastic Stress

A direct determination of the stresses using the Finite El-
ement method (FEM) at the points defining a potential sur-
face is obtained at the gauss points. This evaluation is valid
for a slip surface defined by a set of gauss points. When us-
ing a procedure to generate the slip surface, a code to inter-
polate the stresses is implanted. We have adopted a local
smoothing method to estimate the stresses mobilized along
the sliding surface. The stress at a given point M(x, y) be-
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longing to a given element can be evaluated using the nodal
stresses element. In the context of the finite element method,
the following relation is given:

o6 = ) N6, ©
i=1
where : N; is the shape function associated to the nod i, &; is

the values of the stress at nod i, Ne is the number of nodes
selected for the local smoothing.

The approximation in the least-square sense leads to a
system of equations in matrix form:

L{Onoeua} = Q{06auss} (10)
Ogauss - Stresses at gauss points.

The matrices L and Q are independent from the element.
The stress at the given point M of the Cartesian coordinates
is evaluated after achieving the following tasks:

1). Identify the element to which the point M belongs.

2). Determine the local coordinates of M required for eval-
uating the shape functions.

3). Calculate the values of element nodal stresses.

The displacements vector u(x) at point x of elememt Q,
constituting the meshing are evaluated using the shape func-
tion N (x) and the vector u, of nodal displacements:

u(x) = Ne(x)-ue (11)

Considering that the components of the deformations ten-
sor are related to displacements by the matrix B(x) deduced
from derivative of the shape function by:

e(x) = B(x).-ue (12)
In linear elasticity, the stresses are calculated by
o(x) = De-B(x)-ue (13)

where : D, is the elasticity matrix, ¢ = {0, 0, 0,, 0y }
D,: can be written as: D, = E. D,

Where D, constant elasticity matrix depends to the Pois-
son ratio.

Finally, assuming the Young modulus is a random field
E (x, ), the stochastic stress can be expressed by Eq.(14):

o(x,0) = E(x, Q)DOB(x)E(Q) (14)

2.2.3. Probability Density Function and Cumulative Distri-
bution Function of the Safety Factor

The probability density function of the safety factor can
be evaluated by several analyses of First Order Reliability
Method (FORM). The generation of the CDF for the safety
factor is summarized as follows, for different reliability indi-
ces :

1). Evaluate the two corresponding cumulative distribution
functions CDF:

Farah et al.
o (B) if p=0.5
1-®(@) if p<05

where: @: Normal distribution function and p : Probability
of failure.

CDFz{

2). Determine two design points U on the failure surface in
standard normal space

3). The independent normal random variables U are
mapped into a set of the basic random variables X

4). Compute the values of y; by: y; = Fs(x!)

Then, the probability density function f. is generated
using the discretized cumulative distribution functions by the
following relation:

CDF( ) CDF( )
frsi) = #1”1 (15)

3. THE PROBABILISTIC FE METHODS
3.1. Perturbation Method

The perturbation method uses the Taylor series expansion
of random functions about the mean values. In the context of
the FEM and for quasi-static linear problems, the equilibri-
um is expressed as follow:

K.U=F (16)
In this equation, K is the global stiffness matrix; F is the
load vector and U is the nodal displacement vector.

The Young’s modulus and the soil strength parameters
are considered homogeneous random fields’. The perturba-
tion method is formulated for N independent standard nor-
mal variable € involved in the Karhunen-Loéve procedure.

The second order Taylor series expansion of K(§), U(§)
and F(¢) can be expressed as:

N N
1
K@) =Ko +ZK §+5 > Kl (17)
i=1j=1
1 N N
U(E) = U +Z Ulgi+5 ). ) U, (18)
i=1 i=1j=1
N 1 N N
F© =Fo+ Y etz > Flisi (19)
i=1 i=1j=1

The first and second order coefficients are obtained from
the derivatives of the corresponding quantities evaluated at

&E=0.
By identifying the coefficient of &and §;gon both sides
of Eq. (16), we get:

UU = Ko_lFO (20)
Ul = Ko (F/ = K{Up) (21)
ul' = K5 (Flf — klUl — K/]U,) (22)

Where K,,, U, and F, are the mean values of K, U and
F, respectively.
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3.2. Spectral Stochastic Finite Element Method (SSFEM)

In the Spectral Stochastic Finite Element Method
(SSFEM) proposed by the Ghanem and Spanos [34], the
discretization Karhunen-Loéve procedure is applied. Any
realization of random fields H can be given as follows:

Hx,0) = 1 6) + ) Hi(0) & (23)
i=1

where: &; are standard normal random variables, u(x, 8) is
the mean of the random field and H;(x) are deterministic
functions that depend on the autocorrelation function. Addi-
tionally, decomposition of the nodal displacement vector
solution of the problem over polynomial chaos basis ¥ is
used.

The truncation at N+ 1 terms of the expansion stiffness
matrix and at P terms of displacement leads to a linear sys-
tem written as KU = F:

Koo - Ko, Uy Fy
Kio = Kipg U |_| R (24)
Kp_1,0 Kp-1p-11LUp_1 Fp_q

Where:
N

K, = Z CijkK;
i=1

K;: are deterministic matrix obtained by assembling k;

kZOP_l !Cijk

= E[§;¥,¥,] and F, = E[¥,F]

ke = J Hy (x, 86)B" (X) Do B(x)d2,
Qe

By solving the linear system of Eq.(24),we obtain an ap-
proximation of the displacement U(0)
P-1

U(®) = ) Uee({Eiie) (25)
k=0

where P is the total number of basis polynomial chaos, ¥, is
the polynomial chaos.

P is given by
_ (N +p)!
~ N!p!

Where p is the order of the polynomial chaos.

(26)

3.3. Monte Carlo simulation and Direct Coupling Ap-
proach

The Monte Carlo simulation is used to generate a sample
that corresponds to N independent standard normal variables
according to the Karhunen-loéve expansion of the random
fields. For each realization, the factor of safety is calculated
using a deterministic finite element code. The element stiff-
ness matrix is computed for each realization of the random
field H using the following relation:
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ke(8,) = f H (x, 60)B" () DoB (x)d22, @7)
Qe

In this equation, D is a constant matrix, B is the matrix
that relates the components of strain to the nodal displace-
ments element and H(.)is the random field that represents
the soil Young’s modulus. The assembling of the elements
contributions Eq. (27) leads to the global stiffness matrix K.
The Monte Carlo simulation is applied to evaluate the factors
of safety, and then their statistical treatment is subsequently
performed. In addition, direct coupling approach based on
the combination of the deterministic finite code and FORM
algorithm [30] is used to assess the reliability index. Thus,
the probability of failure can be estimated. In this study, the
values evaluated by the Monte Carlo simulation and direct
coupling approach are considered as reference values.

A flow -chart describing the main tasks of the reliability-
analysis by FEM is presented in Fig. (1).

4. NUMERICAL EXAMPLE
4.1. The Problem Statement

The presented probabilistic FE methods are performed to
analyze the stability of a homogeneous slope with no foun-
dation layer assuming that the mass soil is elastic. In this
illustrative example, the Young's modulus and the strength
parameters ¢ and ¢ have been regarded as one-dimensional
random field along the horizontal and the vertical direction.
A parametric study and a search for the critical slip surfaces
have been established. The statistical properties of soil pa-
rameters used are specified in Table 1. The Fig. (2) shows
the boundary conditions and the slope mesh. An exponential
autocorrelation function is considered. The random fields are
assumed to be statistically independent. Using the stress field
along the critical probabilistic slip surface, the mean, stand-
ard deviation, probability density (PDF), and cumulative
distribution function (CDF) of the factor of safety could then
be evaluated. Plane strain analysis is carried out.

4.2. Preliminaries

By neglecting the spatial variation of the soil strength pa-
rameters and the Young’s modulus, the critical probabilistic
slip surface is determined for correlated and uncorrelated
random variables. The critical probabilistic slip surface nor-
mally corresponds to the minimum reliability index among
all tested circular slip surfaces. It is used to conduct the slope
reliability analysis.

In Table 2, the results of the deterministic and probabilis-
tic approaches neglecting the spatial variation are summa-
rized. The deterministic methods are applied using the mean
values of the soil properties. The uncorrelated random varia-
bles are led to conservative results [35]. Also, the determin-
istic methods such as the strength reduction technique and
the FEM using stress fields have provided comparable values
of the factor of safely.

To reduce the computing time of the MC simulation, a
sufficient number of realizations providing accurate and con-
stant values have been found by various analyses of slope
using increasing numbers of simulation. The results are
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Reliability FE analysis of slope stability

A 4
Input data

-FE model (Geometry, Meshing, Nodes number,..)

- Input parameters (Mean, standards deviation,

distributions, autocorrelation function, discretization

order,..)

-Number of simulation Ng;,,,

l

| Specification of the slip surfaces |

v
l l

Perturbation method run /Spectral Monte Carlo simulation run
stochastic finite element run

A

Generation of the random field’s
samples. Fori=1...Ng;,

v }
Evaluation of the factor of safety Fg Evaluation of the factor of safety Fs

using stress fields and it gradient 66_125 using stress fields

l l

Estimation of the :

- Statistics of Fg (Mean, standard deviation)
- PDF and CDE of Fg

Fin
Fig. (1). Flow —chart of calculations.
Table 1.  Statistical properties of soil parameters.
Soils Properties Mean (u) Coefficient of Variation (cov) Probability Distribution
Friction angle: @ (°) 25 0.2 Lognormal
Cohesion c: (kPa) 10 0.2 Lognormal
Unit weight :
93 Y 20
(kN/m?)
Young ’s modulus : E (MPa) 100 0.2 Lognormal
Poisson ’s ratio: v 0.30 ———- -

shown in Figs. (3a and 3b). For a number of realizations
exceeding 2.500, repeatable values of the mean and standard
deviation of safety factor are obtained. The Monte Carlo
simulation is applied with a number of realizations equal to
3000.

4.3. Parametric Study
4.3.1. The Discretization Accuracy Influence

The effect of the random field accuracy is investigated
assuming that the cohesion c, the friction angle ¢ and the

Young modulus E are one-dimensional homogeneous
random field along the horizontal I, and vertical directions
L,. For different orders of the random field expansion N, the
means and standard deviation of safety factors are evaluated.
The correlation lengths in the horizontal I, and in vertical
directions [, are equal to 25m and 2.5 m, respectively. The
results provided by the second order perturbation method,
the spectral SFEM method and the Monte Carlo simulation
are listed in Table 3. By considering the results of the MC
simulation combining the deterministic finite element as
reference, the relative errors are evaluated.
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4.3.2. The Coefficient of Variation Influence

The mean and the standard deviation of the safety factor
are estimated for different coefficients of variation of the soil
strength parameters. The correlation lengths in the horizontal
and in vertical directions are held equal tol, = 25m and
L, = 2.5, respectively. The expansion orders of the random

fields are equal to N=3. The results of the presented methods
are reported in Figs. (4-7).

4.3.3. The Correlation Length Influence

In order to fully investigate the influence of the soil
strength correlation length, we have evaluated the mean and
standard deviations of the factors of safety for different cor-
relation lengths. The random field coefficients of variation
are equal to 0.2. The expansion orders of the random fields
are fixed to N=4. In Figs. (8a and 8b), the results of the se-
cond order perturbation method are presented.

4.4. The PDF and CDF of the Safety Factor

By considering the soil strength parameters and the
Young modulus are one-dimensional homogeneous random
fields along the vertical direction [,, the perturbation method
and the SSFEM are performed to evaluate the probability
density (PDF) and cumulative distribution function (CDF) of
the factor of safety. The expansion orders of the random
fields are equal to N=3 and the order of polynomial chaos is
equal to 3. Also, the correlation length is equal to [, =
2.5 m. The results are presented in Figs. (9 and 10).

4.5. The Critical Slip Surfaces

A search for the critical circular probabilistic sliding sur-
face is given using the probabilistic perturbation method
assuming the Young modulus, friction angle and cohesion
are one- dimensional random fields along the vertical direc-
tion. The direct coupling approach is performed for expan-
sion order of the random fields equal to N=3 and for the cor-
relation lengths equal to [, = 2.5, 5 and 1000. The coeffi-
cients of variation of the random fields are held equal to 0.2.
The results are reported in the Fig. (11). In Table 4 the min-
imum reliability indices estimated by the perturbation meth-
od and the direct coupling approach for different correlation
lengths along the vertical direction are gathered. According
to Table 4, the reliability indices evaluated by the second
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Fig. (3). Mean value ,-,/~S.and standard deviation ,o=/-5.by
Monte Carlo simulation where the correlation lengths of the 1D
Lognormal random fields in vertical direction ,l-y.=2.5 m and
N=3: (a) Mean value versus number of realizations, (b) Standard
deviation versus number of realizations.

Table 2.  Results of the deterministic and probabilistic approach neglecting the spatial variation.

Deterministic Methods Probabilistic FEM Using Stress Fields

FEM _ [
SRT Using Stress Fields Pep =0 Pep =05

Factor of safety Fs 1.588 1.618 1.630 1.646

Reliability index g 2.461 2.944

R (m) 31.597 33.702 33.702

The geometric character-
istics of slip surface xc (M) 40.000 40600 40600
¥y, (m) 31.602 33.700 33.700

R: radius; Circle center: (x,y.) ; FE: Finite Element Method; SRT: Strength reduction technique.
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Table 3. Influence of the random field accuracy.
Perturbation M. SSFEM M Monte Carl Relative error
i ) . onte Carlo
The Correlation N e 2ieme e %
Length -
Ur OF p Hr Of HUr Of Hr Of
1 1.550 0.202
2 1.551 0.202
1 36.96 1.607 0.200 1.625 0.210 —1to— 45 | —1to— 5
3 1.551 0.202
4 1.551 0.202
1 1.551 0.225
b=25m 3 1235 | 1621 | 0226 2 L9531 0226 g s 0226 2030 | ot 04
' ' ' 3 1553 | 0.226 ' ' - 44 o
4 1.554 0.226
1 1.566 0.226 —0.4 to
6 5.86 1.620 0.227 1.627 0.228 —1to— 3.7 -1
2 1.567 0.227
12 2.83 1.629 0.230
1 1534 0.151
2 1.538 0.151
1 61.41 1611 0.156 1.613 0.164 —1to—4.6 —5to—11
3 1.538 0.151
4 1.538 0.151
1 1.542 0.173 02t
ly=250m 3 28.17 1.614 0.174 2 1.545 0.173 1.617 0.174 _ ;}_40 Oto— 0.6
3 1.545 0.173
1 1.554 0.174
6 14.31 1.615 0.175 1.615 0.178 Oto— 3.7 —1to— 2
2 1.555 0.175
12 7.04 1.616 0.177
N: order of the random field expansion ; p:Order of the polynomial chaos
1.8 i 0.6 ;
==+ Perturbation 2nd i =+ Perturbation 1st =
0 1.75 ===+=- Perturbation 1st {1 ©° 0.5/ L7~ Monte Carlo e
4+ —&— Monte Carlo s ot
B
o L7 b= ROt
= g 0.4r ‘.‘.“;:" B
g 1.65¢ % “‘;.}".'f‘
% 4 - 0.3 "':".:',- 4
g v '§ f
1.55} 1 E 0.2 “"_:‘,-:3—"'" )
n r
131 0.2 0.3 0.4 0.5 051 0.2 0.3 . 0.4 0.5
Cofficient of variation of ¢ and ¢ Cofficient of variation of ¢ and ¢
(a) (b)

Fig. (4). Mean value u, and standard deviation a5, of the factor of safety Fg by Perturbation method and MC simulation where the correla-
tion lengths of the 1D Lognormal random fields in horizontal direction 1, = 25m : () Mean value u . of Fs versus the coefficient of varia-
tion of c and ¢ and (b) Standard deviation of Fs versus the coefficient of variationay, of ¢ and ¢.

order perturbation method are close to those obtained by the
direct coupling approach.

5. DISCUSSION

In regard to the results of this study, the following re-
marks can be drawn:

e The small difference between the factors of safety given
in Table 2 indicates that the critical probabilistic slip
surface ignoring the spatial variation of the soil strength

parameters and the critical deterministic slip surface are
close to each other. The result is consistent with those
reported in literature [5, 36, 37]. In contrast, Fig. (11)
presents the different locations of the critical sliding sur-
faces determined by the probabilistic perturbation meth-
od shows that, by considering the spatial variation of
soil strength parameters, the critical slip surfaces varies
spatially. This finding is consistent with that reported by
[3]. In addition, the results presented in Table 4 indicate
that taking into account spatial variability can overesti-
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Fig. (5). Mean value ur, and standard deviation o, of the factor of safety Fs by Perturbation method and MC simulation where the correla-
tion lengths of the 1D Lognormal random fields in vertical direction 1, = 2.5 m : (a) Mean value up ; of Fs versus the coefficient of varia-
tion of c and ¢ and (b) Standard deviation of Fs versus the coefficient of variationay, of ¢ and ¢.
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Fig. (7). Mean value up, and standard deviation o, of the factor of safety Fg by SSFE Method (p=3,N=3) and MC simulation where the
correlation lengths of the 1D Lognormal random fields in horizontal direction 1, = 2.5 m : (a) Mean value uy  of Fg versus the coefficient
of variation of ¢ and ¢ and (b) Standard deviation of Fs versus the coefficient of variationog, of c and ¢.

dom field accuracy on the mean and the standard devia-
tion of the safety factor - we note that, for expansion or-
ders > 3 which correspond to € = 12.35 and £ = 28.17
for the horizontal and vertical directions respectively-
the random fields accuracy does not have a significant
influence on the values of the means and standard devia-
tion of the safety factor. Concerning the SSFEM, in or-
der to reach acceptable values of the relative error of the
safety factor means, it is necessary to increase the ran-

mate the reliability index for low correlation lengths.
Therefore, an analysis of slope stability by probabilistic
methods adopting random field theory to model the spa-
tial variability of soil strength parameters besides it is
more rational than the approach neglecting the spatial
variability, may lead to complementary results to those
obtained by deterministic methods.

e By comparing the results listed in Table 3 obtained by
the different methods to evaluate the effect of the ran-
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Fig. (8). The perturbation method results: the influence of the correlation length of the strength parameters on the factor of safety, the corre-
lation length of the Young Modulus ,I-y.=2.5 m.: (a) Mean, (b) Standard deviation.

dom field’s expansion orders (N) as well as those of the
polynomials chaos (p). It is noted that SSFEM becomes
intractable for high orders of N and p. By considering
the results provided by the Monte Carlo simulation as
values reference, the numerical results show that the rel-
ative errors decrease when the random field’s expansion
orders (N) increase. The increase of the number of the
terms taken into account in the KL descritization makes
possible to have precise values of the random fields.
Yet, its effect on the mean and standard deviation of the
safety factor remains weak for N > 3. For both SSFEM
and the Monte Carlo simulation applied with N > 3, the
mean values of the safety factor are estimated with rela-
tive errors < —5%). The values of the relative errors of
the standard deviations are close to all the presented
methods (relative errors < —2%). Therefore, both per-
turbation method and SSFEM can provide satisfactory
results for a second moment analysis.

e Generally speaking, although Monte Carlo simulation
combined to a deterministic finite element code is too
time consuming, it remains the most frequently used
tool for analyzing reliability-using modeling of the spa-
tial variability of soil properties by the random field’s
theory. The study performed for the determination of the
simulation number has significantly reduced the compu-
tation time. In addition, Monte Carlo simulation is ap-
plied with lognormal distribution. In contrast, modeling
the physical properties of a material by a Gaussian ran-
dom field could give a doubtful solution due to the pos-
sible negative samples generated by the Monte Carlo
simulation. However, the statistical studies of the soil
properties have shown that the majority of soil proper-
ties follow the Gaussian distribution. Thus, a number of
researchers have proposed stochastic finite elements
formulations using Gaussian fields. They have checked
the results by the Monte Carlo simulation [23, 38].
Nonetheless, in some published papers [20, 39] the
lognormal distribution is adopted to obtain physical val-
ues of the random fields realizations.

e Figs. (4-7) show that the results of the second order-
perturbation method and the SSFEM are close to those
provided by the MC simulation. Thus, they can be ap-

plied to obtain good results for different values of the
coefficients of variation and for small correlation length.

e The influence of the correlation length on the factor of
safety is deduced from Fig. (8). It represents the mean
and the standard deviation of the factor of safety for the
different correlation lengths of the soil strength parame-
ters. The standard deviation is sensitive to small values
of the correlation length, they increase rapidly for
1 < 20 m, becomes essentially constant for [ > 40 m.

e Figs. (9, 10) show that the probability density function
(PDF) and the cumulative distribution function (CDF) of
the safety factor evaluated by the SSFEM after multiple
analyses of FORM are similar to those obtained by the
probabilistic perturbation method.

1

—— SSFEM (p=3, N=3)+FORM
0.8/ ="~ Perturbation 2nd+FORM

0.6f

CDF

0.4r

0.2r

Be =1 12 14 16 18 2 22
Factor of safety FS

Fig. (9). Probability density functions (PDF) of the factor of safety
obtained by multiple FORM analyses after SSFEM and Perturba-
tion method.

6. CONCLUSION

In this paper, the perturbation method and the spectral
stochastic finite element method (SSFEM) using random
field theory are presented. These methods are applied to ana-
lyze the stability of a homogeneous c-¢ slope assuming an
elastic soil behavior. To overcome the absence of the analyt-
ical solution of the mean and standard deviation of the factor
of safety, the Monte Carlo simulation combined with the
deterministic finite element code is applied. The accuracy
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Fig. (10). Cumulative distribution functions (CDF) of the factor of

safety obtained by multiple FORM analyses after SSFEM and Per-
turbation method.

and efficiency of the methods are evaluated by the direct
coupling approach and the MC simulation.

The results of the numerical example show that the two
methods can be considered suitable for the reliability analy-

The Open Civil Engineering Journal, 2015, Volume 9 205

sis of the slope considering the spatial variability of soil
strength parameters and Young modulus. In fact, the pertur-
bation method provides satisfactory results and it is easy to
apply even with high random field expansion order. Alt-
hough the spectral finite element method (SSFEM) becomes
intractable for high random field’s expansion order, it is ef-

fective for the second moment analysis with acceptable rela-
tive errors.

Finally, the illustrative example treated in this paper has
elucidated that different locations of the critical deterministic
and the critical probabilistic slip surfaces are predicted when
the spatial variation of the soil strength parameters and
Young modulus is taken into account. Therefore, a homoge-
neous slope reliability analysis considering the spatial varia-
bility of soil properties has shown that a search of a probabil-

istic sliding area is more rational than looking for a probabil-
istic sliding surface.
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Table 4.

Reliability indices estimated by the direct coupling approach and the perturbation method for different correlation
lengths.

Reliability index g
Correlation length ly (m) Perturbation M.
2me O dar Direct Coupling Approach
2.5 3.793 3.764
5 3.238 3.253
1000 2.455 2.466
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