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Abstract:

Background: The problem of early cracking caused by the heat of concrete hardening is relevant for massive
reinforced concrete structures, including foundation slabs. The purpose of this work is to develop the methodology
for determining temperature stresses during the construction of foundation slabs, taking into account the interaction
with the subgrade.

Methods: The Pasternak elastic foundation model with two-bed coefficients is used for the soil. The temperature of
the foundation slab is considered a function of only one coordinate z (temperature changes only along the thickness
of the slab). As a result, to determine the stress-strain state of the slab, a fourth-order differential equation for
deflection was obtained. A technique for numerically solving the resulting equation using the finite difference method
is proposed. The calculation of the stress-strain state is preceded by the calculation of the temperature field, which is
performed by the finite element method in a simplified one-dimensional formulation.

Results: The solution to the test problem is presented for a constant modulus of elasticity of concrete over time. The
results were compared with finite element calculations in a three-dimensional formulation in the ASNYS software.
The calculation was also performed taking into account the dependence of the mechanical characteristics of concrete
on its degree of maturity. In this case, the picture of the stress-strain state changes significantly. The proposed
method was also successfully tested on experimental data.

Conclusion: The proposed approach can significantly save calculation time compared to the finite element analysis
in a three-dimensional setting.
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1. INTRODUCTION

The problem of early cracking in hardening massive
monolithic reinforced concrete structures has existed

monolithic structures, the technological stress field is
formed during the hardening process due to uneven
temperature distribution over the cross-section and
shrinkage deformations of concrete [3]. Tensile stresses

almost as long ago as reinforced concrete itself [1]. This
problem was first encountered at the beginning of the
20th century when concreting dams [2]. In massive

can exceed concrete tensile strength at the stage of
structure formation, resulting in early cracking with
subsequent development of cracks [4]. This process not
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only negatively affects the operational properties of the
structure, but also can raise the question of the
impossibility of its operation in principle [5].

Currently, the volume of high-rise construction is
constantly growing, and this problem is relevant not only
for hydraulic structures, but also for foundation slabs [6],
the thickness of which can reach 2 m or more. Moreover,
in most cases, slabs with a thickness of 0.7 m already fall
into the category of massive [7].

The massiveness of the structure predetermines the
need to develop special technological solutions for
regulating the parameters of heat and mass transfer, the
rate of concreting, as well as selecting the recipe for
concrete mixtures [8]. The selection of -effective
technological solutions to prevent early cracking can be
carried out based on computer modeling methods [9-11].

Currently, the main method for computer modeling of
early crack formation processes in hardening massive
monolithic structures is the finite element method [12-14].

Existing software products that implement this method
(ANSYS, Abaqus, DIANA FEA, Midas Civil, etc.), do not
allow taking into account a number of significant factors,
including changes in the physical and mechanical
characteristics of concrete over time due to concrete
strengthening, changes in the thermophysical charac-
teristics of concrete during its hydration, etc [16-19]. In
the ANSYS and Abaqus packages, this problem is partially
solved by creating custom extensions [20-22], but the
possibilities for modifying existing software products are
very limited.

Calculation of temperature fields and stresses in
hardening massive monolithic structures, as a rule, is
performed in a three-dimensional setting [23-25]. This
approach requires significant computer time and
resources. A simplified method is proposed [26] for
determining stresses in massive monolithic foundation
slabs during construction, which allows, based on the
hypothesis of plane sections, to reduce the three-
dimensional problem of determining the stress-strain state
to a one-dimensional one. In this case, the subgrade under
the foundation slab is assumed to be absolutely rigid. The
purpose of this work is to develop a simplified method for
calculating the stress-strain state during the construction
of massive monolithic foundation slabs, taking into
account the subgrade compliance.

2. MATERIALS AND METHODS

In another paper [26], it was shown that, with the
exception of the edges, the temperature distribution in
massive monolithic foundation slabs during the
construction process is one-dimensional. Based on this
fact, the modulus of elasticity of concrete, as well as
temperature deformations, are assumed as functions of
only one coordinate z.

When constructing the model of slab deformation, the
hypothesis is used that layers parallel to the middle
surface do not press on each other (o, = 0). Also, the

proposed model does not take into account the
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reinforcement of the slab. This is justified by a previous
study [27]. In that paper, for the slab on an absolutely
rigid base, it was shown that even with a large percentage
of reinforcement (p = 2%), the influence of the
reinforcement on the stress-strain state is not so
significant. This is also explained by the fact that the
coefficients of linear thermal expansion of concrete and
steel are very close. In addition to the hypothesis that
stresses o, are equal to zero, the hypothesis of the straight

normal to the middle surface is used.
From a physical point of view, concrete deformations

can be represented as the sum of elastic and forced
deformations:

b = ——(0,-vo, )+ 2
E(z)

gy:L(O-y_VO-X)"FSf; 1)
E(z)
T, _2(1+v)z'Xy

76(2) E(2)

Here & =aAT + &y, are the forced deformations,
representing the sum of temperature deformations and
shrinkage deformations.

Stresses are expressed through strains from (1) in the

form:
o, = f_(jz) (gx +ve, —(1+ 1/)8f );
E
o, = 1_(52) (gy +ve, —(1+v) e ); @)

Ty =<V
Yo2(1+v)”
The straight normal hypothesis assumes the linear

distribution of deformations across the thickness of the
slab:

0 .
Ey =& — LYy,
_ 0 )
g,=e -1y, @)
0
]/xy:y _22/}//xy’

where 6‘3 , 6‘3 ) 70 are the deformations of the middle
9w _ aZW _ 62W
surface; X* T axz' Ay T 52 A ~oxoy are the changes
in slab curvature, w is the deflection.

When obtaining the resolving equation, it is assumed
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that the elastic foundation does not prevent the expansion

of the foundation in the direction oh%the axes x and y, i.e.
h/2

. N, = | o,dz N, = J-adz
axial forces * hI, " are ' ;.7 assumed to be

2 _
zero. Substituting (3) into (2) followed by substituting the
stress o, formula into the expression for the axial force N,
leads to the expression:

h h
2 2
1_1V2 J;E(Z)dz(gf-kvg;))—J;E(Z)Zdz(;(x-kv;(y) -N; =0, @
2 2
1 h/2
where ' 1-v J.E(Z)Ef(.jz'

-h/2
The following notations are introduced:

g
E :H'[E(z)dz;

(G))

S=|E(z)zdz

N | T

N

The first value is the average modulus of elasticity of
concrete over the thickness, and the second value is
equivalent to the product of the average modulus of
elasticity of concrete and the static moment of the cross-
section.

Taking into account the accepted notation (5),
expression (4) takes the form:

_ 4,2
& + Ve, :Ii](;(x+v;(y)+l\lf(lv).

E-h
Similarly, the condition N, = 0 leads to the following
equality:

(6)

— 4,2
83+vgf:§(1y+vxx)+l\hst:). 7

The deformations of the middle surface can be
obtained from (6) and (7) in the form:

S:E;{X+w;

E-h E-h ®
EO=EZ +Nf(1_v)
Y E-n™ E-h ~

In addition to axial forces N, and N,, the shear force

h/2

N, = . . .
Xy hI/ f*ydz also vanishes, which leads to the expression:

0

ZZXV-E
y=—=

E-h

The bending moment M, in the slab will be written as:

9)

—ni

h h
2 1 2
M, = J;axzdz = '[nE(z)zdz(gf+v53)— hE(Z)ZZdZ(ZX-FVZy) _
2 2 2 (10)
ES
M = (gf +V€3)— D(;(X +v;(y)— M;,
1 h/2
D=— J' E(z)z%dz
where 1=V e is the cylindrical stiffness of

h/2
the slab, M, :E,J,ZE(Z)& 2dz .
After substituting (8) into (10), the expression for the
bending moment M, takes the form:

. . [w 2w .
MX:—D (Zx"l‘VZy)—M =-D [axz"rVayzj_M y (11)
., —
. ES . N, -ES
—D-— 2 M=M, ——L |
where D E. h(lfvz) ' " E-h

Likewise for the moment M,;:

12)

M, :—D*(1y+v;gx)—M*:—D*[+v

Torque is defined as follows:

H=

— i

YT 2Ly

h h
2 2
7,24z = ! ] fE(z)zdz-yo—ZIE(z)zzdz-)(xy. (13)
h h
a Th

NES

Taking into account (9), the expression for torque
takes the form:

1 [E5°-2g, )
2(1+v)| E-h

. O'w

OXO)

(1-v*)Dg, [==(1-v) D'z, =—-(1-v)D . (19)

The differential equation for the equilibrium of the slab
on the elastic foundation has the form:

*M ’H  O°M,
S—+2 + 5
OX oxoy  ox

=—q+p, (15)

where ¢ is the surface load and p is the reactive soil
pressure.

In the problem of determining temperature stresses,
the value q is taken equal to zero. The Pasternak model
with two bed coefficients C, and C, [27], in which the

differential equation of the sedimentary surface is as
follows:

o'w  o°'w
p=Cw-C, (GXZJF - j =CWw-C,V’W.  @16)

oy

Bed coefficients C, and C, in the Pasternak model in
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the case of a homogeneous soil mass are determined
according to another study [28]:
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2 2
M :0—>—D*[8W+v6WJ—M*:O;

E X o (20
Ci=—7"—%i an g :
_ 2\’ red M _ o'w _
H(1-v2) Q¥ =0 T H(2-v) 55 =0
Eg H 18) Similarly, for an edge perpendicular to the y axis:
2 - ! 2 2
6(1+v,) Myzo—)—D*(avzv+Vavva—M*:O;
where H is the thickness of the soil mass, E, is the oy ox @1

modulus of elasticity of the soil, and v, is the Poisson’s
ratio of the soil.

Substituting (11, 12, 14, 16) into the equilibrium Eq.
(15) leads to the main resolving equation:

DV*Vw+Cw-C,Vw=-V’*M". a9
Since it is assumed that temperature deformations

depend only on z, the value V’M* becomes zero.

Moments M* are taken into account only in boundary
conditions. For an edge perpendicular to the axis x, the
bending moment M, and reduced shear force Q' must be

equal to zero:

The solution of Eq. (19) is performed numerically by
the finite difference method. For the rectangular slab with
the dimensions axb, a quarter is considered due to its
symmetry. Two rows of contour points are introduced on
the edges x = a/2 and y = b/2 (Fig. 1). Finite-difference
analogue of the Eq. (19) in the k-th node has the form:

2C

C
[(Gaz +8a+6)+51,Ay2 JrFE(lﬂzz)}wk -

_[4(1+a)+%}(wa+awb W, oW, )+ Za(we+w, +W, +Wh)+‘N| +atw +w, + (22)

+a’w, =0,
where a = Ay’ / AX’
i-1, ny+3 i, ny+3 i+1,ny+3 nx-1, ny+3 nx, ny+3 nx+1,ny+3
® ® [ ] @ [} ®
i-1, ny+2 i, ny+2 i+1,ny+2 nx-1, ny+2 nx, ny+2 nx+1,ny+2 nx+2,ny+2
® ® ® ® ® ® ®
i-1, ny+1 i, ny+1 i+1,ny+1 nx-1, ny+1 nx, ny+1 nx+1,ny+1 nx+2,ny+1  nx+3,ny+1

I~

Tw
|
|
oL L1

N
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® ®

nx+2,ny-1
[ ] ®

nx+1,ny-1 nx+3,ny-1
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\/\_//\_/
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[ ] ®
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@ ®
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&\_/ . .
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X
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Fig. (1). Layout of contour points.
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Fig. (2). Layout of nodes for formula (22).

The layout of the nodes for formula (22) is shown in
Fig. (2).

Eq. (22) is compiled for all mesh nodes ati = 1...nx+1
and j = 1...ny+1, where nx and ny are, respectively, the
number of segments along x and y.

The first condition in (20) is approximated as follows:

AW —2W AW W —2W W N
_D nx+2, j n>;+1,j nx, j +v nx+1, j+1 HX;LJ nx+1, j-1 _ M — O (23)
AX Ay

The approximation of the second condition in (20) has
the form:

Wn><+3,j _2an+2,Aj-:2an,j _an—l,j +(2—V)'
X @4)
. an+2‘j+1 - 2an+2,j + an+2,j—1 - an,j+1 + 2an,j - an,j—l -0
2AXAY?
Eqgs. (23-24) are compiled atj = 1... ny +1.
Conditions (21) are approximated similarly:
o W +272W1 W, Wiy, +1’2W1 1t Wiy * .
_D[ i,ny A|2ny |ny+v i+1,ny |n;/ i-1,ny M= :
y AX
\Ni‘ny+3 _Z\Ni‘ny+2 -:2Wi.ny _\Ni,ny—l +(2 —V)' (25)
Ay
. Wi+1,ny+2 - 2vVi,ny+2 + \Nifl,ny+2 _\Ni+1,ny + 2Wi,ny _Wifl,ny -0
2AX*Ay '

Eq. (25) are compiled fori = 1... nx +1.

As a result, the total number of equations will be:
(nx+1)-(ny +1)+2-(nx+1)+2-(ny+1), (26)
which is one less than the number of unknowns (the
deflection at point nx+2, ny+2 remains uncertain)
As an additional condition, it is proposed that the sum

of the bending moment M, on the continuation of the line

x=a/2 at the point (nx + 1, ny + 2) and bending moment
M, on the continuation of the line y=b/2 at point (nx + 2,

ny + 1) is equal to zero:

-_D"

x ‘nx+l‘ny+2 -

an+2‘ny+2 - 2an+1‘ny+2 + anmy*Z ey an4,ny+3 - 2an+1,ny~2 +an+1,ny+1 M *,
AX? Ay? '

—=_D"

nxs2,nys1

[an+2‘ny+2 - 2an+2‘ny+1 + an+2‘ny iy an~3.ny+l B ZanAz ny+1 + an+1‘ny+1 ] -M *, (2 7)
y i

Ay? AX?
w2y

Thus, finally, at each time step, the problem of
determining the stress-strain state is reduced to
3xnx+3xny+nxxny+6 linear algebraic equations with the
same number of unknowns.

The calculation of temperature stresses is preceded by
the determination of the temperature field, which is found
in the one-dimensional equation [29]:

M, ‘nx4,ny+z +M,

0T oT
A5 +W = pc—,
oz’ e 28)

where A is the thermal conductivity coefficient, T is the
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0
temperature, W:E is the power of internal heat

generation sources (W/m?), p is the density of the material,
c is the specific heat capacity of the material, and ¢t is the
time.

The temperature field is determined using the finite
element method by solving the system of equations:

12 k)T +fF), @

where [C] is the damping matrix, [K] is the thermal
conductivity matrix, {T} is the vector of temperature
values at the nodes and {F} is the load vector.

The dependence of the strength and deformation
characteristics of concrete on the time and hardening
temperature is taken into account when calculating the
stress-strain state.

The compressive strength of concrete is considered as
the function of its degree of maturity:

—0.55
R 15800-122.5T
—=exp| 0.35|1-| —/—— ,

35
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where R,, is the compressive strength of concrete at

the age of 28 days, T =DM /t, tis the age of concrete
in hours, DM is the degree of maturity of concrete,
determined by the integral:

DM (t)=jT (T)dT, 31

where T(7) is the concrete temperature at time 7.

The modulus of elasticity of concrete is taken as a
function of its compressive strength:

0.04R +57

29 MPa 32)
R
3.8+ 0.8R

E(R)=1000

3. RESULTS AND DISCUSSION

The first step to verify the developed methodology was
to solve the test problem with a constant modulus of
elasticity of concrete E = 3-10* MPa over time. Verification
was carried out by comparison with calculations in the
ANSYS software package in a three-dimensional setting.

30

—max, 1D
—top, 1D
= = =max, ANSYS

- = —top, ANSYS

150 200

t, hours

Fig. (3). Change in time of the maximum temperature in the foundation, as well as the temperature on the upper surface.
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A: Transient Thermal
Temperature

Type: Temperature
Unit: °C

Time: 1.1368¢+005

33.621 Max
30.987

9.9193 Min

0.000

Fig. (4). Temperature distribution at time t=32 h.

The concrete heat release function was adopted based
on data from [30]:

Q(t):QZSexp{k{l—(ztgjxﬂ, 33)

where t is the time in days, Q,; is the amount of heat
released during the first 28 days of hardening, MJ/m °,
coefficients k and x depend on the rate of concrete
hardening.

The calculation was performed for B25 class concrete
according to Russian standard GOST 26633-2012 at
Q,,=130MJ/m’>, k=0.13, x=0.42. The thermophysical
characteristics of concrete were assumed to be constant
over time: 4=2.67 W/(mx°C) ¢=1000]J/(kgx°C), p=2500
kg/m®. The coefficient of linear thermal expansion of
concrete was a=10" 1/°C. The Poisson's ratio of concrete
was also assumed to be constant and equal to v=0.2. The
foundation slab thickness was h = 1 m, dimensions in the
plan were 20 x 20 m. The thickness of the soil mass was
taken equal to H = 1 m. Thermophysical characteristics of
the soil: p,= 1600 kg/m’, ¢,= 1875 kg/m’, A,= 1.5
W/(mx°C). Deformation characteristics of soil: E,= 10MPa,
v,= 0.3. Heat transfer coefficient on the upper surface of
the foundation slab h= 4 W/(m’x°C), ambient
temperature, concrete mixture and initial soil temperature
T,=10°C.

Fig. (3) shows graphs of the maximum temperature

3.500 7.000 (m)

1750 5.250

changes in the foundation slab, as well as the temperature
on the upper surface, obtained using the author’s method
in a one-dimensional setting and ANSYS in a three-
dimensional setting. The discrepancy between the results
is insignificant. The temperature distribution obtained in
ANSYS at time t= 32 h is shown in Fig. (4).

Fig. (5) shows graphs of changes in stress g, over time

at the lowest point in the center of the foundation slab.
The maximum stresses calculated using the author's
method and using three-dimensional modeling in ANSYS
are practically the same. When calculated by the author's
method, 0, ,,= 2.745 MPa, and when calculated in

ANSYS: 0, 0= 2.739 MPa.

The pictures of the deformations of the foundation slab
obtained using the author’s method and in ANSYS also
coincide (Figs. 6 and 7).

ANSYS software package does not have the ability to
take into account the dependence of the elastic modulus of
concrete on time. When this factor is taken into account,
the picture of the stress-strain state changes dramatically.
Fig. (8) shows graphs of stress o, changes in the center of
the foundation slab at the bottom point, in the middle of
the thickness, and also at the top point. The dashed lines
correspond to the solution at a constant elastic modulus,
the solid lines correspond to the solution taking into
account the dependence of the elastic modulus of concrete
on the degree of its maturity. Taking into account the
time-varying elastic modulus leads to a noticeable
reduction in stress.
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