Send Orders for Reprints to reprints@benthamscience.ae
570

The Open Civil Engineering Journal, 2015, 9, 570-576

Open Access

A New Structural Damage Identification Method Based on Wavelet Packet
Energy Entropy of Impulse Response
Can He1, Jianchun Xing1,*, Juelong Li2, Wei Qian2 and Xun Zhang1
1

College of Defense Engineering, PLA University of Science and Technology, Nanjing, 210007, China

2

Technical Management Office of Naval Defense Engineering, Beijing, 100841, China
Abstract: Excitation makes a great influence on the wavelet energy distribution of the response signal, this deficiency
leads that the traditional structural damage identification method based on wavelet energy has a low precision. In order to
solve this problem, a new structural damage identification method based on wavelet packet energy entropy (WPEE) of
impulse response is presented in this paper. Firstly, natural excitation technique (NExT) is adopted to extract structural
impulse response. Then, WPEE of the impulse response is computed, and the change rate of WPEE is used to construct
the structural damage index. An experiment of damage identification on a pile structure is provided to verify the effectiveness of the proposed method. Experiment results show that this method can accurately identify the single damage and
multi-damage.
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1. INTRODUCTION
Due to strong wind force, torrential rain, severe earthquake, explosion and other abnormal loads, large-scale civil
engineering may be damaged in its long service period [1].
Once structural damage occurs, it will reduce the durability
of the structure, even threat the safety of the structure. Therefore, structural damage identification has become an important research topic in the engineering protection field [2]. In
the past few years, many technologies have been developed
to achieve structural damage identification, such as: identification methods based on time domain analysis [3, 4], identification methods based on modal parameters [5, 6] and identification methods based on time-frequency domain analysis
[7, 8]. Among these methods, because of low entropy and
multi-resolution, wavelet transform has become a popular
technology in the field of structural damage identification.
Kim et al. [9] found that the occurrence and development of
structural damage could be accurately identified by monitoring the changes of wavelet coefficients of the response signal. Hou et al. [10] proposed a new damage identification
method by detecting the singularity of the signals based on
wavelet transform, and the method had been successfully
applied to the Benchmark model which was provided by the
American Society of Civil Engineers (ASCE). Zitto et al.
[11] applied the continuous wavelet transform to analyze the
acoustic emission signals from dynamic tests conducted on a
reinforced concrete slab with a shaking table, the results
showed this method can identify the crack in the reinforced
concrete slab accurately. Ding et al. [12] firstly achieved
wavelet packet energy spectrum (WPES) by decomposing
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the wavelet packet of the response signal, and then computed
the change rate of the WPES to determine whether the structural damage occurs or not. This method has been applied in
the Runyang Yangtze River Bridge and achieved good results. According to the energy-damage theory, Li et al. [13]
proposed a structural damage identification method based on
wavelet packet analysis and neural network, which was
tested on the Benchmark model and achieved satisfactory
identification effects. As a metric of the uncertainty state,
information entropy is introduced into the field of structural
damage identification. Xie et al. [14, 15] constructed structural damage index based on the transfer entropy and approximate entropy of the structural response. By combining
information entropy with wavelet analysis technology, Ren
et al. [16] proposed to use of the wavelet time entropy and
the relative wavelet entropy as structural damage index.
Although the structural damage identification methods
have developed significantly, some deficiencies remain. The
primary defect is that most existing structural damage index
varies with the changes of excitation, therefore, it is difficult
to determine that the change of damage index is derived
from the changes of excitation or the real damage. In order to
solve this problem, a new structural damage identification
method based on wavelet packet energy entropy (WPEE) of
impulse response is presented. The method firstly extracts
the impulse response by natural excitation technique
(NExT). Then, a new damage index is constructed based on
change rate of WPEE.
The remaining parts of the paper are organized as follows:
Section 2 introduces the wavelet packet theory and information theory. Section 3 proposes a new damage index based
on change rate of WPEE. Section 4 provides a simulated
experiment using a pile structure to verify the effectiveness
of the new method, and the conclusion is given in Section 5.
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2. BACKGROUND
2.1. Wavelet Packet Theory
Wavelet transform is considered as an effective signal
processing technology in time-frequency domain. However,
wavelet scale function is changed as a binary system, which
leads to a poor frequency resolution in the high frequency
band. Wavelet packet transform provides a more precise
method on signal processing. Further decomposition of
high frequency part is carried out by wavelet packet transform. According to the characteristic of the signal, wavelet
packet transform can adaptively select the appropriate frequency band to match with the signal spectrum. Therefore,
wavelet packet transform can increase the time-frequency
resolution.
Wavelet packet is a subdivision of wavelet subspace in
accordance with a binary system. In order to achieve wavelet
packet, it firstly requires constructing a new space Ujn by
combining scale subspace Vj with wavelet subspace Wj.
Then, it needs to compute the orthonormal basis of the space,
the orthonormal basis is the wavelet packet.
If Uj0 and Uj1 can be represented as:

U 0j = V j , U 1j = W j ,

jZ
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u0 (t ) and u1 (t ) are the scale function and wavelet function,
respectively. The orthogonal wavelet packet can be constructed by {un (t )}(n  Z + ) .
If n is a parameter of refinement multiplier
and n = 2l + m , then the wavelet packet can be simplified as:

 j,k ,n (t) = 2 j/2 n (2 j t  k)

(10)

where  n (t ) = 2 l / 2 un (2 l t ) , j , k , n (t ) is considered as the
wavelet packet with a scale indicator j, position indicator k
and frequency indicator n.
If g nj (t)  U nj , then g nj can be represented as:

g nj (t) =  dl un (2 j t  l)
j,n

(11)

l

Wavelet packet decomposition algorithm can be represented as:

dl j,2n =  ak2l d k j+1,n

(12)

k

(1)

dl j,2n+1 =  bk2l d k j+1,n

(13)

k

Then, the decomposition relations may be expressed as:

U 0j+1 = U 0j +U 1j ,

jZ

(2)

It is assumed that  ( x) and  ( x) are the orthogonal scale
function and wavelet function, respectively. They are defined
as follows:

μ (x) =  (x)
 0
μ1 (x) =  (x)

(3)

A function cluster can be defined in accordance with the
following recursive clustering methods:
u2n (t) = 2  h(k)un (2t  k)

(4)

2.2. Information Entropy
Information entropy was proposed by C. Shannon in 1948,
which is considered as a measure of the uncertainty of a random event and described by probability distribution function.
It is assumed that the probability of each result is the vector
p=( p1, p2, …, pm), which satisfies the following equation:
m

p

i

k Z

u2n+1 (t) = 2  g(k)un (2t  k)

As the scale increases, the orthogonal wavelet basis functions has a lower frequency resolution, which is the defect of
the orthogonal wavelet. Wavelet packet can make further
segmentation of frequency band, thereby increasing the frequency resolution.

=1

(14)

i=1

(5)

k Z

where 0  pi  1 , i = 1, 2,  m .

where g(k) = (1) k h(1 k) .

Function H(.) was introduced to define the information
entropy.

When n=0, Equation (4) and (5) can be changed as:

H m ( X ) = H m (p1 , p2 , , pm ) = k  pi log pi

m

u0 (t) =  hk u0 (2t  k)

(6)

u1 (t) =  g k u0 (2t  k)

(7)

k Z

where k  0 is a constant.

k Z

In the multi-resolution analysis,  ( x) and  ( x) meet the
two-scale equations:

 (t) =  hk  (2t  k) {hk }kz  l 2

(8)

 (t) =  g k  (2t  k) {g k }k z  l 2

(9)

k z

k z

(15)

i=1

H(m) is the information entropy, which represents the uncertainty of a random event by probability distribution function.
3. A NEW DAMAGE IDENTIFICATION INDEX
BASED ON WPEE
3.1. Impulse Response Extraction Based on NExT
NExT is firstly proposed by JAMES and CARNE in
1995 [17], whose basic idea is that the cross-correlation
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function of response signals and impulse response function
have a similar form under the white noise excitation. Therefore, the cross-correlation function of response signals can
be considered as impulse response to achieve structural damage identification.
The equation of motion for the n DOF dynamic system is
represented as:

 + Cx(t)
 + Kx(t) = f (t)
Mx(t)

(16)

where M is the structural mass matrix, C is the structural
damping matrix, K is the structural stiffness matrix, x(t) is
the displacement vector and f (t)is the input excitation.
When point k is subjected to external excitation f k (t ) , the
measured response of point i xik (t ) can be computed as:
2N

xik =  ir mkr



r=1

t


e

r (t p)

f k ( p)dp

2N

If n jr =   js mkr mks mk (
s =1

1
) , then the following
r + s

forms can be obtained:
2N

Rijk ( ) =  n jr ir e

r 

(24)

r=1

Compared Equation (19) with Equation (24), it can be
seen that the cross-correlation function of response signals
and impulse response can be both expressed as the summation of complex exponential functions. Therefore, the
cross-correlation function of response signals can be considered as impulse response to achieve structural damage identification.
3.2. A New Structural Damage Identification Index

(17)

where ir is the rth mode of point i, mkr is a constant associated with excitation point k and modal order r.
If the response of point j is x jk (t ) , then the crosscorrelation function of xik (t ) and x jk (t ) can be computed as:

According to the wavelet theory, when wavelet functions
are a set of orthogonal basis functions, the wavelet transform
has the property of energy conservation. Therefore, Equation
(25) can be provided as:
N

 x(t), 

2

j,k

(t) = x

2

(25)

j=1

The definition of wavelet energy is provided as:

2N 2N

Rijk = E[xik (t + k)x jk (t)] =   ir  js mkr mks

E j =  C j (k)

r=1 S=1

 
t

t+





e

r (t+  p) r (t )

e

2N

E[ f k ( p) f k (q)]dpdq

(18)

r t

(19)

r=1

It is assumed that f k (t ) is white Gauss noise, we can get
the following equation based on the definition of the crosscorrelation function.

E[ f k ( p) f k (q)] = mk  ( p  q)

Combined Equation (18) with Equation (20), we can get
Equation (21).
2N 2N

Rijk ( ) =   ir  js mkr mks mk
r=1 s=1



t


e

r (t+  p) r (t )

e

dp

(21)

Integral part of the Equation (21) can be simplified as:


er
=
r + s



t


e

r (t+  p) r (t )

e

dp

(22)

Rijk ( ) =   ir  js mkr mks mk (
r=1 s=1

Wavelet energy represents the quadratic sum of wavelet
coefficients under a single scale. So, the total wavelet energy
can be expressed as:

E =  E j =   C j (k)
j

j

(27)

k

The definition of the relative wavelet energy can be provided as:

pj =

Ej

(28)

E

pj can express the energy distribution of different scales.
It is a good tool to detect the abnormal points of signals.
Based on the information entropy theory and the definition
of the relative wavelet energy, the WPEE can be computed
as:

S wt =  p j log p j

(29)

j=1

where log is the logarithm using base 2.



er
)
r + s

2

In order to accurately describe the changes of the structural state property, the change rate of WPEE is proposed as
damage index in this paper, which is defined as follows:

So, Equation (21) can be written as:
2N 2N

where C j (k ) is the wavelet coefficients of scale j.

(20)

where  (t ) is the impulse function, mk is a constant associated with the excitation point k.



(26)

k

If the excitation point k is the unit impulse force, then the
impulse response of point i can be achieved as:

hik =  ir mkr e

2

(23)

CR(t) =

S wt (t)  S wt (0)
S wt (0)

(30)
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where S wt (0) is WPEE of the intact structure. S wt (t ) is
WPEE of the structural state at time t. CR is the change rate
of WPEE.

CR expresses the changes of WPEE under different
structure state. Firstly, WPEE of the intact structure is considered as a metric. If the structures don’t damage in a period
of time, the dynamic characteristic of the structure is relatively stable, the change rate of WPEE is very small. When
structural damage occurs, the response signal will change
significantly. At this time, WPEE will increase dramatically.
Due to this feature, change rate of WPEE can be used to
identify the structural damage.
The process of structural damage identification using CR
is provided as Fig. (1).
Start
Fig. (2). FE model of the pile structure.

Extracting cross-correlation
function using NexT

Computing the CR using
Equation (30)

Comparing the CRs of different
elements to identify damage

End
Fig. (1). The flowchart of the proposed method.

Fig. (3). White Gauss noise excitation.

4. DEMONSTRATION CASE
4.1. Finite Element Model
In order to verify the effectiveness of the proposed
method, a case study of structural damage identification on a
numerically simulated pile structure is provided. The total
length of pile is 10m, the cross-sectional area of the pile is
0.4*0.4m2. The finite element (FE) model of the pile is established using commercial software ANSYS, the pile is
modeled by the element of Beam 4. The pile is divided into
15 elements, and 16 nodes are generated in total. Material
parameters of the pile are set as: the elastic modulus
E=2.5109N/m2,
Poisson
ratio
μ=0.17,
density
=2500kg/m2. The FE model is shown in Fig. (2).
The white Gauss noise load is generated as input excitation. The duration time of load is set as 5s, the step is set as
0.01s. The white Gauss noise load is shown in Fig. (3). Node
1 is set as a reference node, and the response signal of node 1
is shown in Fig. (4).

Fig. (4). Response signal of node 1.

4.2. A Single Damage Identification
Damage of the element is simulated by reducing its
stiffness. In this case study, it is assumed that the damaged
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Fig. (7). MSECR index when element 4 is damaged.
Fig. (5). A single damage location.

Fig. (8). WPES index when element 4 is damaged.
Fig. (6). CRs of all the elements when element 4 is damaged.

element is element 4, the stiffness of element 4 reduced by
20%. The damage location is shown in Fig. (5).
Node 6 is selected as the response node. The crosscorrelation function of node 1 and node 6 is computed by
Equation (24). The CRs of all the elements are computed in
accordance with the method in Fig. (1). The result is given in
Fig. (6).
In order to prove the validity and superiority of our
method, MSECR index proposed in [6] and WPES index
proposed in [12] are selected as comparative experiments.
The results are shown in Figs. (7 and 8).
4.3. Multi-Damage Identification
A new experiment is provided to show the multi-damage
identification effect of the proposed method. It is assumed
that element 4 and 9 are both damaged (see Fig. 9), the stiffness of element 4 and 9 are reduced by 20%. The experiment
result is shown in Fig. (10).

Fig. (9). Multi-damage locations.
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4.4. Result Analysis
As seen in Fig. (6), the CR of element 4 is 12.1%, which
is much bigger that the other elements. Therefore, we can
obviously identify that the element 4 is damaged. Fig. (9)
shows that the CRs of elements 4 and 9 are 9.7% and 8.4%
respectively, which are both bigger that the other elements.
So, the two damages can be both identified by comparing
CR. As shown in Figs. (7-9), our method can more
clearly identify the single damage. From Figs. (10-12), we
can see our index is more sensitive for multi-damage
identification.
5. CONCLUSION

Fig. (10). CRs of all the elements when element 4 and element 9
damages.

MSECR index and WPES index are selected as comparative experiments. The results are shown in Figs. (11 and 12).

The traditional identification method has a low identification precision. In order to solve this problem, a new structural damage identification method based on WPEE of impulse response is presented. The method firstly achieves the
structural impulse response by calculating the crosscorrelation function of the different signals. Then, a new
damage index is constructed based on change rate of WPEE.
With the case analysis, some conclusions are summarized as
follows:
(1) The cross-correlation function of response signals has
the similar form with impulse response. Therefore, crosscorrelation function can be considered as impulse response
to identify the structural damage.
(2) When structural damage occurs, the WPEE of damaged element will change significantly. By comparing the
CR of different elements, the damaged element can be identified accurately. The experiment results show that CR can
identify the single damage and multi-damage accurately,
which proves CR is an effectiveness structural damage identification index.
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Fig. (11). MSECR index when element 4 and element 9 damages.
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